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Abstract 

We determine the orbit types of the action of the group of local gauge transformations on the 
space of connections in a principal bundle with structure group 0(n), SO(ri) or Sp(n) over 
a closed, simply connected manifold of dimension 4. Complemented with earlier results on 
U(n) and SU(n) this completes the classification of the orbit types for all classical compact 
gauge groups over such space-time manifolds. On the way we derive the classification of 
principal bundles with structure group SO(n) over these manifolds and the Howe subgroups 
of SO(n). 
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1 Introduction 

The principle of local gauge invariance plays a fundamental role in modern theoretical physics. 
Its application to the theory of particle interactions gave rise to the standard model, which proved 
to be successful from both theoretical and phenomenological points of view. There is a lot of im- 
portant results obtained within perturbation theory, which works well for high energy processes. 
On the other hand, the low energy hadron physics, in particular, the quark confinement, turns 
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out to be dominated by nonperturbative effects, for which there is no rigorous theoretical expla- 
nation yet. To study nonperturbative aspects, a variety of different concepts and mathematical 
methods has been developed. 

One of the main reasons, which makes a nonabelian gauge theory so different from other field 
theories is the rich mathematical structure of its classical configuration space (the gauge orbit 
space) and the corresponding phase space. The gauge orbit space is obtained by factorizing 
the infite- dimensional affine space of gauge potentials by the action of the group of local gauge 
transformations. Since this action is not free, non-generic orbit types (singularities) occur en- 
dowing the gauge orbit space with a stratified structure. Let us discuss some aspects indicating 
its physical relevance. 

First, the geometry and topology of the generic (principal) stratum has been clarified a long 
time ago [33l[l0]. In particular, one gets an intrinsic topological interpretation of the Gribov- 
ambiguity [18]. We stress that the problem of finding all Gribov copies has been discussed within 
specific models, see e.g. [28]. For a detailed analysis in the case of 2-dimensional cylindrical space 
time (including the Hamiltonian path integral) we refer to [39]. Investigating the topology of 
the determinant line bundle over the generic stratum, one gets an understanding of anomalies in 
terms of the family index theorem [Il[5], see also [TT] for the Hamiltonian approach. In particular, 
one gets anomalies of purely topological type [47 \ which cannot be seen by perturbative quantum 
field theory. 

There are partial results and conjectures concerning the relevance of nongeneric strata. First, 
generally speaking, nongeneric gauge orbits affect the classical motion on the orbit space due 
to boundary conditions and, in this way, they may produce nontrivial contributions to the path 
integral. They may lead to localization of certain quantum states, as it was suggested by finite- 
dimensional examples [H], see also [22] for a finite- dimensional gauge model. Further, the gauge 
field configurations belonging to nongeneric orbits can possess a magnetic charge, i.e. they can be 
considered as a kind of magnetic monopole configurations. Following t'Hooft [S], these could be 
responsible for quark confinement. The role of these configurations was investigated within the 
framework of Schrodinger quantum mechanics on the gauge orbit space of topological Chern- 
Simons theory in [2], see also [3] for an approach to 4-dimensional Yang-Mills theories with 
0-term. Within t'Hooft's concept, the idea of abelian projection is of special importance and has 
been discussed by many authors. This concept was studied within the setting of quantum field 
theory at finite temperature on the 4-torus in [TBllTT]. There, a hierarchy of defects, which should 
be related to the gauge orbit space structure, was discovered. Finally, let us also mention that 
in [21] the existence of additional anomalies corresponding to non-generic strata was suggested. 
Most of the problems mentioned here are still awaiting a systematic investigation. For that 
purpose, a deeper insight into the structure of the gauge orbit space is necessary. The stratified 
structure of the full gauge orbit space was investigated in detail in [27]. Based on that, in a 
series of papers [MJ [35j [37], see also [36] for a review, we have given a complete solution to 
the problem of determining the strata (including their partial ordering) for gauge theories with 
structure group SU(n) on closed connected manifolds of dimension d = 2,3, 4. Our analysis 
was based in particular on the observation, made e.g. in p7], that orbit types are in bijective 
correspondence with a certain type of bundle reductions of the principal bundle underlying the 
gauge theory under consideration. We call bundle reductions of this type holonomy-induced 
Howe subbundles. This observation yields a method for solving the classification problem for 
orbit types, because it turns out that holonomy-induced Howe subbundles can be classified by 
methods of algebraic topology. In the present paper we extend the above results to the case of 
structure group 0(n), SO(n) or Sp(n). We apply the same general method, but the classification 
problem for the subbundles turns out to be much harder than in the case of SU(n). 
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Let us put this paper into a broader perspective. In a next step, we will investigate the structure 
of the phase space (infinite-dimensional Hamiltonian system with symmetry) by applying the 
method of singular Marsden-Weistein reduction. This will yield the reduced phase space as a 
Hamiltonian system with singularities, which can be taken as a starting point for constructing 
the quantum theory. To separate the geometric problems arising from the reduction process 
from the analytic problems due to infinite dimensions, it is reasonable to study finite-dimensional 
approximations (provided by lattice gauge theory) of the above situation. We refer to [T2l[T3l[T5[ 
[22] for first results in this direction. In particular, in [22] we have studied the role of non-generic 
strata on the quantum level for one of these finite-dimensional models. 

The paper is organized as follows: In Section [2] we present the method and formulate the program 
for solving the classification problem. In Section [3] we determine the Howe subgroups of 0(n), 
SO(n) and Sp(n). In Section H] we classify principal bundles whose structure group is a Howe 
subgroup under some assumptions concerning the space time manifold. This chapter is the heart 
of the paper. In Section [5] we determine the Howe subbundles of a given principal bundle and in 
Section [6] we specify the Howe subbundles which are holonomy-induced. Section [7] contains the 
factorization with respect to the action of the structure group on bundle reductions and in Section 
[8] we summarize the classification result. As an illustration, in Section [9] we apply the results to 
gauge theories with structure group 0(4), S0(4) or Sp(2), defined over a space-time manifold 
diffeomorphic to CP^ or S^ x S^. For the convenience of the reader, the paper is supplemented 
by 5 Appendices, where we collect relevant material from algebraic topology referred to in the 
text. 

Finally, we note that we restrict attention to closed (compact, without boundary) and simply 
connected space time manifolds of dimension 4. However, the topological results derived in 
Sectiondlare obtained for CM^-complexes, some of them hold true without the above assumptions. 

2 Orbit types and holonomy-induced Howe subbundles 

Let M be a closed connected orientable manifold, let G be a compact connected Lie-group and 
let P be a principal bundle over M with structure group G. We denote the affine Hilbert-space 
of connection forms on P of an appropriate Sobolev class A; by ^ the Hilbert-Lie group of vertical 
automorphisms of P of Sobolev class {k + 1) by Q. For the analytic framework, see [33l HQ]. The 
results we are going to derive are independent of the choice of k provided k is large enough. 
Our aim is to investigate the structure of the configuration space of a gauge theory on P, 

M=A/G, 

where the action of ^ on ^ is given by 

{g,A)^A^3)=g-lAg + g-^dg. 

This space is known as the gauge orbit space. Since, in general, the action of Q is not free, M. 
is not a smooth manifold. However, the action is proper and admits slices [27]. Therefore, M is 
a stratified space, where the stratification is induced by the orbit types of the action of Q on A. 
Let us briefiy recall the construction. The stabiliser (or isotropy group) of a connection A £ A 
is given hy Qa = {g ^ G \ A^^^ = A}. It transforms under the action of Q like = g~^QA9- 
This allows to define the type of an orbit [A\ to be the conjugacy class of the subgroup Qa in Q. 
For given orbit type r let Mr denote the subset of M of orbits of type r. This defines a disjoint 
decomposition 




(1) 



orbit types 
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The following was shown in |27| : 

- each ^Ar carries the structure of a Hilbert manifold, 

- the orbit type deomposition ^ is locally finite, 

- the frontier condition holds: if Mr H 7^ then Mr C Ma- 

In [MlEZl, the decomposition ([T]) is therefore called a stratification and the orbit type subsets 
Air are referred to as the strata of A4. We adopt this terminologjQ. It was also shown in [27] 
that the natural partial ordering of orbit types, which is induced from the inclusion relation 
between subgroups of G, satisfies 

T <a <^ Ma ^ Mr ■ 

Thus, the the partially ordered set of orbit types contains information about which strata occur 
in the gauge theory on P and how they are glued together. In the present paper we determine 
the orbit types for structure groups G = 0(n), SO(n) and Sp(n) and for M being a closed simply 
connected manifold of dimension 4; the partial ordering will be studied in a separate paper. For 
that purpose, we use a relation between orbit types and certain types of bundle reductions of P 
which for the first time was described in detail in [2^. Let us explain this relation. A subgroup 
H Q G with the property Gq{H) = H is called Howe subgroup. For any subgroup H of G 
there exists a smallest Howe subgroup H of G such that H C H. We say that H is the Howe 
subgroup generated by H. H can be obtained by taking the double centralizer, H = Cq{H). 
A reduction of P to a Howe subgroup is called Howe suhhundle. For any reduction Q of P to 
a subgroup H there exists a smallest Howe subbundle Q such that Q Q. We say that Q is 
the Howe subbundle generated by Q. Q can be obtained from Q by extending the structure 
group to the Howe subgroup generated by H, i.e., Q = Q • Cc{H). A Howe subbundle is called 
holonomy-induced if it is generated by the holonomy subbundle of some connection in P. Due 
to existence results for holonomy subbundles [251 Ch. II, Thm. 8.2] in dimension d > 2 this is 
equivalent to requiring that the Howe subbundle be generated by a connected reduction of P. 

Theorem 2.1 (Kondracki and Rogulski [27j). //dimM > 1, there is an (order-preserving) 
bijection from the set of orbit types onto the set of isomorphism classes of holonomy-induced 
Howe subbundles, factorized by the action of the structure group G on bundle reductions. 

For a detailed proof, see [M]. The idea of the proof is based on the observation that when gauge 
transformations are viewed as equivariant maps from P to G, the stabilizer of a connection 
consists of the gauge transformations which are constant on any holonomy subbundle of that 
connection. It follows that the stabilizer is the same for any two connections whose holonomy 
subbundles (based at the same point) generate the same Howe subbundle. Therefore, stabiliz- 
ers correspond to holonomy-induced Howe subbundles. Passing to classes on the level of the 
subbundles then corresponds to passing to conjugacy classes on the level of the stabilizers. 

According to Theorem l2.1l in order to determine the orbit types of the action of ^ on ^ we have 
to do the following. 

1. Determine the Howe subgroups of G. 

2. Determine the Howe subbundles of P up to isomorphy. 

3. Specify the Howe subbundles which are holonomy-induced. 

4. Factorize by the action of the structure group G on bundle reductions. 

To work out the full program for G = 0(n), SO(n) or Sp(n) we have to assume that M is simply 
connected and of dimension 4. Step 1 will be treated in Section [3l Step 2 is the hardest one, it 

^ There exist several stronger notions of stratification. 
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will be worked out in Sections [Hand [3 Steps 3 and 4 are treated in Sections [6] and [7], respectively. 
The results are summarized in Section [HI 

As mentioned above, for structure group G = SU(n) the orbit types and their partial ordering 
have already been determined in [Ml [35], see also [37j. Here the assumption that M be simply 
connected can be dropped. For the sake of completeness, we include these results into the 
summary in Section [3 

Remark 2.2. The assumption that dim(M) be exactly 4 is just made for simplicity. Our results 
on the classification of Howe subbundles hold also in dimension d < 4. In view of Theorem 12.11 
we thus derive the orbit types for dim(M) = 2, 3, 4. 



3 Howe subgroups 

Let IC = M, C, H denote the real numbers, complex numbers and quaternions, respectively. Let 
lK(n) denote the isometry groups of the standard scalar products on K". The standard notation 
is obtained by replacing Ik = O, Ic = U and In = Sp. For a group G and a subgroup H C G, 
let Cg{H) and NdH) denote the centralizer and the normalizer, respectively, of H in G. 
The study of the Howe subgroups of 0(n) and Sp(n) amounts to an application of the theory of 
finite- dimensional real and quaternionic von Neumann algebras, respectively. We cite the results 
from [38j where the more general case of the isometry group of a Hermitian form over IK was 
treated. The Howe subgroups of SO(n) can be derived from those of 0(n). Since to our knowledge 
this is not documented in the literature, we give full proofs here. For this discussion, and also for 
the discussion of the property of a bundle reduction to be holonomy-induced in Section[6l we need 
information about the inclusion relations between Howe subgroups of 0(n) and Sp(n). Therefore, 
for these groups, from [38] we also cite the operations producing the direct predecessors (up to 
conjugacy) of a given Howe subgroup w.r.t. the natural partial ordering defined by the inclusion 
relation. 

Let G = iK^n) be given. A Howe subgroup H of G is called irreducible if the representation 
oi H X Cg{H) on is irreducible. Orthogonally decomposing = ® • • • © K""" into 
H X CG(^^)-irreducible subspaces one obtains a decomposition of H into a direct product of 
irreducible Howe subgroups of l^ini). The centralizer of H is then the direct product of the 
centralizers of the irreducible factors of H in the groups I(nj). 



3.1 Howe subgroups of 0{n) 

For any positive integer m, field restriction defines homomorphisms 

(/9c,K : Mc(m) ^ M]R(2m) , (/jh,c : MH(m) ^ Mc(2m) , ipM,-R Mmim) 
For convenience, we set ifM.,R = i^^M^im)- Explicitly, we choose 

</'c,ir(«i + i«2) = 



Mr (4m) . 



—02 ai 



and ipM,i 



ai 

02 



-a2 
ai 



9'e,R(ai + 1^2 + jas + ^a^) 



ai 

02 

as 
04 



—02 

ai 
—04 

as 



ttk G MK(m) , 



(2) 
(3) 



-as 

04 

ai 
-a2 



—04 
-as 

02 

ai 



Ok G 



m] 



(4) 
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These mappings commute with taking adjoints w.r.t. the respective scalar product. Therefore, 
they induce Lie group embeddings (denoted by the same symbol) 

fc,R ■ U(m) 0(2m) , ipu,c ■ Sp(m) ^ U(2m) , ipM,R ■ Sp(m) ^ 0(4m) . 

Since U(m) is connected, V'c,iR(U(m)) C S0(2m) and hence v'H,R(Sp(n)) C S0(4m). Moreover, 
V'H,c(Sp(n)) C SU(2m). 

The conjugacy classes of irreducible Howe subgroups of 0(nj) are in bijective correspondence 
with the solutions of the equation Jjmj/cj = n^, where {mi,ki) is an ordered pair of positive 
integers and 6i = 1, 2, 4. For given 6i,mi, ki, a representative for the corresponding class of Howe 
subgroups is given hy Hi = Ir^_'^_ where 



^K^mi = {¥'K,R(a) ®R Ifc, : aelK,{mi)} (5) 
w.r.t. the decomposition M"* = (^r or, alternatively. 



ki 



k 



w.r.t. the decomposition = M'^^'^^e • ■■ eM-^'™'. Here IfCi = M for Si = l,Ki = C for 6i = 2 and 
]Kj = EI for 6i = 4. We call Kj the base field, rui the rank and ki the multiplicity of Hi. Moreover, 
we denote O^. = Ij^^., U^. = 1^^. and Sp^. = Ijj^.. A representative for the conjugacy class 
of the centralizer of Hi is given by Ijj.^' (i-e., rank and multiplicity are interchanged). Thus, up 
to conjugacy, the Howe subgroups of 0(n) are given by the direct products 



H 



Iki^i X--- X Vt' j;]'^^dimMK,m,A;, = n, r = 1,2,3,.... (7) 

where the factors are embedded by virtue of the homomorphisms (/^k^.m- The factors are referred 
to as 0-factors, U-factors and Sp-factors according to the base field being M, C or H, respec- 
tively. A representative for the conjugacy class of the centralizer of H is obtained from H by 
interchanging ranks and multiplicities. The subgroup = O" coincides with the center of 
0(n) and the subgroup Ijg^'j = O;'^ coincides with 0(n) itself. 

The operations which produce the direct predecessors of a given Howe subgroup of 0(n) (up to 
conjugacy) are 

- Merging: replacing a double factor Ij^^ x Ij^^ by a single factor 1^^''^'^^; Ik("1-) is diagonally 
embedded into Ik("T') x l^{m); 

- Splitting: replacing a factor Ij^^ with m > 1 by the double factor iRmi ^^Km2' where 
mi + m2 = m; iK(mi) x lK{rn2) is embedded into lK{rn) in the obvious way; 

- Inverse field restriction: replacing a factor or by a factor or Sp^, embedded 
via If c,R or (fm,c, respectively; 

- Inverse field extension: replacing a factor or Spf„ by a factor or U^, embedded in 
the obvious way. 

As an example, the Hasse diagrams of the sets of conjugacy classes of Howe subgroups of 0(2), 
0(3) and 0(4) are displayed in Figured) 

We will also have to study the identity connected component Hq of a Howe subgroup H. One 
has 

Ho = (iKimi)o X • • • X (I^^^Jo , 

where (Ijj. ^.)o denotes the identity connected component of the factor Ijj. ^. • For Ki = M, 
this is (I]R^.)o = SOjj^., whereas for Ki = C, H, it coincides with Ij^.^.. Thus, Hq consists of 
SO-factors, U-factors and Sp-factors. 
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• • • • • • • • 

of u; Qi O? Ojof Oju; OjQi Qi 




• • • 




Figure 1: Hasse diagrams of the sets of conjugacy classes of Howe subgroups of 0(2), 0(3), 0(4). 
For brevity, direct product signs are omitted, i.e., O^ 0\ stands for 0{ x 0\ etc. 

3.2 Howe subgroups of Sp(n) 

We use the convention that on M", scalars act by multiplication from the right and endomor- 
phisms by matrix multiplication from the left. The conjugacy classes of irreducible Howe sub- 
groups of Sp(nj) are in bijective correspondence with ordered pairs of positive integers {mi,ki) 
such that rriiki = rii, together with a choice of Kj = R, C,]H[. For given {mi,ki) and Kj, a 
representative for the corresponding class of Howe subgroups is given by Hi = Ij^, ^, , where 

lK,m, ={«®Hlfe, : aGlKi(mi)} (8) 
w.r.t. the decomposition M"' = H"^* ^hH'^' or, alternatively. 



hi 

irrii 



aelKi(mj)r (9) 



w.r.t. the decomposition H"' = H™*© • ©EI™\ Recall that the tensor product over M is defined 
w.r.t. the actions of H by right multiplication on the first factor and by left multiplication on 
the second factor. Thus, operators of the type a h can be defined provided the entries of h 
are central, i.e., real. We will use the same terminology as in the case of 0(n), i.e., Kj will be 
referred to as the base field of Hi, rrii as the rank of Hi and ki as the multiplicity of Hi and we 
will speak of 0-, U- and Sp-factors. A representative for the conjugacy class of the centralizer 
of Ijj^ is given by 1^. , where Lj = H if IKj = M, = R if Kj = EI and Lj = C otherwise. 
Thus, up to conjugacy, the Howe subgroups of Sp(ra) are given by direct products 

^ = Iki^\x---x n = Y,[^^m,ki,, r = l,2,3,..., (10) 
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Sp} 




Figure 2: Hasse diagrams of the sets of conjugacy classes of Howe subgroups for Sp(l) and Sp(2). 
For the notation, see Figured! For Sp(l) one has the identifications SpJ = Sp(l) = SU(2), \j\ = 
maximal toral subgroup of SU(2) and 0\ = = center of SU(2). 

and a representative for the conjugacy class of the centralizer of H is obtained from H by 
interchanging ranks and multiplicities as well as base fields M and H. The subgroup Ik" = O" 
coincides with the center of Sp(n) and the subgroup Ijj^ = Sp^ coincides with Sp(n) itself. 
The operations which produce the direct predecessors of a given Howe subgroup of Sp(n) (up to 
conjugacy) are 

- Merging and splitting similar to the case of 0(n) 

- Inverse field restriction: replacing a factor or 112^ by a factor or Sp^, embedded 
via (^c,R or (^h,c, respectively; 

- Inverse field extension: replacing a factor or Sp^ by a factor or Uj^, respectively, 
embedded in the obvious way. 

3.3 Howe subgroups of SO(n) 
First, we treat the case of odd n. Here 

0(n) = Z • SO(n) , (11) 
where Z = {1,-1} is the center of 0(n). 

Proposition 3.1. For n odd, intersection with SO(n) defines a bijection from the set of Howe 
subgroups o/0(n) onto the set of Howe subgroups o/SO(n). The bijection preserves the equiva- 
lence relation of conjugacy. Its inverse is given by multiplication by the center Z . 

Proof. We start with deriving some formulae. As an immediate consequence of pT]l . for any 
subgroup H of 0(n), 

Co{n){H) = Co{n)iZ ■ H) . (12) 
Furthermore, the chain of inclusions SO(n) f] H Q H Q Z • (SO(n) n H) implies 

Co(n)(SO(n) n/7) 2 Co(„)(i^) 5 Co(„)(^ • (SO(n) ni?)) . 

Then (fT2]) . applied to the subgroup SO(n) n H, yields 

Co(n){H) = Coin)iSO{n) n H) . (13) 
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Finally, by writing the centralizer in SO(n) as Cso(n) = SO(n) nCo(n) one sees that (fTTI) implies 
that, for any subgroup H of SO(n), 

Z.Cso(n)(^) = Co(„)(i^). (14) 

Now let be a Howe subgroup of 0(n). Then H = Co(n)(-f^') for some subgroup H' of 0(n). 
According to (fT3]l . then H = Co{n)(SO(n) n -fT'). Intersection with SO(n) yields 

SO(n)nF = Cso(n)(SO(n)n/7')- 

Hence, SO(n) n is a Howe subgroup of SO(n). Conversely, let if be a Howe subgroup of 
SO(n). Consider H = Z -H. By construction, H = SO(n)ni/. Moreover, since H = Cso(n)(-^') 
for some subgroup H' of SO(n), (fT^ implies = Co(n)(^')- Hence, i/ is a Howe subgroup of 
0(n). 

Finally, in view of (fTT]l it is obvious that subgroups of 0(n) that are conjugate under 0(n) are 
also conjugate under SO(n). □ 

When n is even, there exist Howe subgroups of 0(n) whose intersection with SO(n) is not a 
Howe subgroup of SO(n). The simplest example of such a situation is provided by the center of 
0(2) which is contained in S0(2) but is not a Howe subgroup there, because S0(2) is Abelian. 
Moreover, distinct Howe subgroups of 0(n) may have the same intersection with SO(n). Again, 
the simplest example is provided by 0(2), and the Howe subgroups S0(2) and 0(2). 
To begin with, let us introduce some notation. For a subgroup H of 0(n) let 

CH := Co(n){H) , SH := SO{n) n H , MH := C'^SH . 

By construction, MH is the Howe subgroup of 0(n) generated by SH, i.e., the smallest Howe 
subgroup of 0(n) containing SH. For convenience, C, S and M will be viewed as maps on the 
set of subgroups of 0(n). The basic properties of these maps are monotony, 

HCK =^ CH^CK, C^HCC'^K, SHCSK, MH CMK 

and periodicity resp. idempotence, 

C3 = C , = S , M^ = M . 

For C, these properties are well known. For S, they are obvious. For M, monotony follows 
from that of C^ and S. Idempotence can be seen as follows. MH is a Howe subgroup of 0(n) 
containing SMH. Since M'^H is the smallest such subgroup, M'^H C MH. Conversely, we have 
both SH C MH and SMH C M'^H. Applying S to the first inclusion and composing with the 
second one we obtain SH C SMH C M^H. I.e., M'^H is a Howe subgroup containing SH. As 
MH is the smallest such subgroup, MH C M'^H. 

A Howe subgroup H of 0(n) will be called S-admissible if SH is a Howe subgroup of SO(n) and 
there is no smaller Howe subgroup of 0(n) containing SH. Using M, this can be reformulated 
as follows. H is S-admissible if and only if SH is a Howe subgroup of SO(n) and MH = H. 

Proposition 3.2. S induces a bijection from the set of S-admissible Howe subgroups of 0(n) 
onto the set of Howe subgroups ofSO{n). The inverse is given by M. 
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Proof. By definition of S-admissibility, S defines a map from the set of S-admissible Howe 
subgroups of 0(n) to the set of Howe subgroups of SO(n). Since the intersection of arbitrarily 
many Howe subgroups is a Howe subgroup, this map is injective. To see that it is also surjective, 
let H be a Howe subgroup of SO(n). We show that H = SMi/ (then evidently M/f is S- 
admissible and M is inverse to S). Since SH = H, H C MH. Apphcation of S yields H C SMH. 
Conversely, by SCH C CH and monotony of C and S, 

SM^ = SC(C^) C SC(SC^) . 

The rhs. equals CgQ^^^(^f). Since H is a Howe subgroup of SO(n), CgQ^^^(^) = H and hence 
SM^ CH. □ 

Note that S-admissibility is not a necessary condition for a Howe subgroup of 0(n) to yield a Howe 
subgroup of SO(n) by intersection. In fact, for Howe subgroups H that are not S-admissible, SH 
may or may not be a Howe subgroup of SO(n), as is shown by the Howe subgroups H = 0(2) 
and H = center of 0(2). 

Next, we determine the S-admissible Howe subgroups of 0(n). As noted above, any such sub- 
group is stable under M. 

Lemma 3.3. Let H be an M-stable Howe subgroup of 0{n). Then SH is a Howe subgroup of 
SO(n) if and only if H = {MC)^H. 

Proof First, assume that H = {MC)'^H holds. Apphcation of S yields SH = S(MCfH. 
We observe: if ii' is a Howe subgroup of 0(n) then SK C MK C K. Application of S yields 
SMiiT = SK. In particular, this implies SMC = SC. Using in addition the obvious relation 
CM = CS, the expression S(MC)^i? can be rewritten as SC(SCi^), i.e., as the centralizer of the 
subgroup SCH of SO(n), taken in SO(n). It follows that SH is a Howe subgroup of SO(n). 
Conversely, assume that SH is a Howe subgroup of SO(n). We rewrite (MC)^i/ as C^(SC)^iif. 
Applying C to H = MH and using CM = CS again we obtain CH = CSH. Hence, in the 
expression C'^{SCfH we can replace H by SH, thus obtaining C'^{SCfSH. Now {SCfSH is 
the double centralizer of SH in SO(n) and hence equals SH. Upon using CH = CSH once more, 
we arrive at {M.C)'^H = H, as asserted. □ 

As a result, in order to determine the Howe subgroups of SO(n), we may first determine the 
Howe subgroups that are stable under M and then, among these, the Howe subgroups that are 
stable under (MC)^. 

Lemma 3.4. A Howe subgroup H of 0(n) is stable under M except for the following cases. 

(A) H has a factor O2 with k odd and no other 0-factor of odd multiplicity. Here, MH arises 
from H by inverse field restriction, i.e., by replacing O2 by Uf . 

(B) H has a double factor Oi x O^^ with k, I odd and no other 0-factor of odd multiplicity. 
Here, MH arises from H by merging this double factor to O^"*"'. 

Proof. First, we determine MH in cases (A) and (B). In case (A), let K be the Howe subgroup 
obtained from H by inverse field restriction of the factor O2 under consideration. Thus, this 
factor is replaced by the factor U^. Since the original factor O2 is the only O-factor of odd 
multiplicity of H, an element of H has negative determinant if and only if its entry in this factor 
has so. Hence, SH = K. Since K is Howe, then MH = K. In case (B), let K be the Howe 
subgroup obtained from H by merging the double factor O^ x O'l to 0^+'. Since H has no other 



11 



0-factors of odd multiplicity, an element of H has negative determinant if and only if its entries 
in the two factors O^^ and O'^ are distinct. Hence, SH = K and so M.H = K. Thus, in cases (A) 
and (B), H is not stable under M. 

Conversely, assume that H is not stable under M. Since SH has the same dimension as H , MH 
has the same dimension as H. It follows that H has a direct predecessor K, wrt. the natural 
partial ordering of Howe subgroups modulo conjugacy, of the same dimension. By comparing 
the dimension of the factors that are replaced by one another through the operations of merging, 
splitting, inverse field restriction and inverse field extension, one finds that there are only two 
situations where the dimension does not change. These are 

- inverse field restriction of a factor O2, which yields the factor instead, 

- merging of a double factor x O^^, which yields the factor Oj"'''. 

If, in the first situation, k is even or if H contains further 0-factors of odd multiplicity, SH 
contains elements whose entry in the factor O2 under consideration has negative determinant, 
hence SK ^ SH. Similarly, in the second situation, if k 01 I is even or if H contains further 
0-factors of odd multiplicity, SH contains elements whose entries in the factors O^ and O^^ are 
distinct. Thus, we are either in case (A) or case (B). □ 

Lemma 3.5. Let H be a Howe subgroup of 0(n) which is stable under M. Then H is stable 
under (MC)^ if and only if CH is stable under M. 

Proof If CH is M-stable then (MC)^^ = MCMCF = MC^H = MH = H. If CH is not 
M-stable then by Lemma 13.41 CH and MCH are of the form 

CH = (C//)(°) x O^ , MCH = (Ci7)(°) x 

or 

CH = (C-H')(°) X Oj X 0[ , MCH = (CF)(°) x 0^+' , 

where k and I are odd and {CH)^^^ does not contain an 0-factor of odd multiplicity. Then H 
and CMCH are of the form 

H = x O^, , CMC-H" = //(O) X 

or 

H = X 0{k)i X O;^ , CMC-H" = H^^'^ x 0^+^ , 

respectively, where H^^^ corresponds to {CH)^^^ under taking the centralizer. In both cases, 
H and CMC-ff have different dimension. On the other hand, (MC)^if arises from CMCH by 
application of M and hence has the same dimension as CMCH. Therefore, H ^ (MC)^ff. □ 

Lemmas I3.3H3.5I imply 

Proposition 3.6. A Howe subgroup ofO{n), n even, is S-admissible if and only if neither itself 
nor its centralizer in 0{n) belong to cases (A) or (B) of Lemma \3.4i □ 

For convenience, we reformulate the conditions for CH to belong to cases (A) or (B) of Lemma 
13.41 as conditions on H. CH belongs to case (A) of Lemma [33] iff H has an 0-factor of odd rank 
and multiplicity 2 and no further 0-factor of odd rank. CH belongs to case (B) of Lemma [3^ 
iff H has two 0-factors of odd rank and multiplicity 1 and no further 0-factor of odd rank. 

Remark 3.7. Propositions 13.21 and 13.61 apply trivially to the case of odd n. 
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Example 3.1. We determine the S-admissible Howe subgroups of 0(2) and 0(4), see Figure [H 
Cases (A) and (B) refer to Lemma E31 



0(2): O^ belongs to case (A), Ol X 0\ belongs to case (B). Since O2 is the centralizer of O^, the 
only S-admissible Howe subgroup of 0(2) is therefore which amounts to S0(2) itself. This is 
consistent with the fact that SO (2) is abelian. 

0(4): O^ X Of and O^ x \j\ belong to case (A). 0\ x Ol x 0\ x Ol x Of and Oj x Oj x Of 
belong to case (B). By cancelling these subgroups and their centralizers we arrive at the following 
list of S-admissible Howe subgroups of 0(4): 0|, Of x Of, Uf, Oj x Oj x O} x Oj, O^, U} x U}, 
Sp|,U^, 0^x01, oi 

It remains to discuss the passage to conjugacy classes in SO(n), n even. We will show 

Proposition 3.8. Let H be an S-admissible Howe subgroup H ofO{n), n even. On intersection 
with SO(n), the 0{n)- conjugacy class of H passes to a single conjugacy class of Howe subgroups 
of SO (n) exactly in the following cases: 

- H contains an O -factor of odd rank or odd multiplicity. 

- H contains a V-factor of odd rank and odd multiplicity. 

Otherwise, the 0{n) -conjugacy class of H gives rise to two distinct SO {n)- conjugacy classes, 
generated by SH and S{aHa^^) for some a € 0(n) with negative determinant. 

We start with some preliminary observations. Since SO(n) is normal in 0(n), intersection with 
SO(n) commutes with conjugation under either 0{n) and SO(n). It is therefore sufficient to 
show that the conjugacy classes of H under 0(n) and SO(n) coincide if and only if H belongs 
to one of the two cases listed in the proposition. If the two conjugacy classes do not coincide, it 
is clear that the 0(n)-class splits into two distinct SO(n)-classes given by H and aHa^^^ where 
o is an arbitrary element of 0(n) with det(a) = —1. Since the conjugacy classes of H under 
0(n) and SO(n) coincide iff No(n)(-f^) contains an element with negative determinant, we have 
to determine the normalizer of H . This will be done in two lemmas. We include the case of 
the identity connected component Hq because this will be needed in Section [7] and we get it for 
granted here. 

Lemma 3.9. The normalizer of a Howe subgroup H = m ^ ' ' ' -'-K^mr 0(n) consists of 
all elements o/0(n) which can be written in the form ah where 



Proof. It is evident that any element of 0(n) of the form given in the lemma belongs to the 
normalizer of H in 0(n). Conversely, let c G No(n)(i^). Consider the standard decomposition 



into iJ-irreducible subspaces, used in the definition of H according to ©. The linear transfor- 
mation c maps this decomposition to another orthogonal decomposition of into i?-irreducible 
subspaces. As abstract direct sums of orthogonal representations of H , the two decompositions 
are isometrically isomorphic. Hence, there exists hi G 0(n) commuting with H such that chi 





The assertion still holds if H is replaced by Hq 
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leaves invariant each //-irreducible subspace M"''"' in the standard decomposition above sepa- 
rately. Then 

cbi = (cii e • • • e cifcj e • • • © (c^i e • • • © crk,.) 

with Cij G ^0(5imi)(lK m )• Since the action of conjugation by Cij on the operators of Ijj.^. is 
independent of j, Cij = Uibij, where e ^o{s,m,){hHln,) and bij G Co(5,m,)(lK,;^J- Setting 
6 = (611 ffi • • • © © • • • © (bri © • • • © brkr) bi^ we arrive at the assertion. The argument for 
Hq is completely analogous. □ 



Lemma 3.10. The normalizers No(5jmi)(lK m ) ^'^^ as follows. 

= M.- No(^,o ( Ol^ ) = No(™,) ( ^61^ ) = b(m,) . 
Kj = C.- No(2mi) ( U;'„j ) is generated by U^., ifo centralizer and 1. 
]Kj = H; No(4mi)(Sp^. ) is generated by Sp^. and its centralizer. 

With the exception of the subgroups O^. and V^, in any case the induced homomorphism from 
the normalizer to the automorphism group o/lKj(w.j) or lKi(^i)o is surjective. In the case of 
the subgroup U2, the image of this homomorphism is generated by inner automorphisms and the 
outer automorphism of complex conjugation of matrices. 

Proof. For Kj = M, the normalizers are obvious. As for the automorphism groups it is known 
that for odd rrii all automorphisms of 0{mi) are inner whereas for even rrii they are generated 
by inner automorphisms and the outer automorphism D : a ^ det(a)a. The automorphisms of 
SO(mj) are restrictions of automorphisms of 0(n). Since in case is even, D acts trivially on 
SO(mj), they are restrictions of inner automorphisms of 0(n), as asserted. 
For K = C, let 6 G No(2mi)(UmJ- Conjugation by b defines an automorphism of U(mj). In 
case nii 7^ 2, the automorphism group of U(mj) is generated by inner automorphisms and by 
the outer automorphism of complex conjugation of matrices. In case of U(2) there is one further 
generator, given by the outer automorphism D{a) = deta • a. When U(mj) is embedded into 
0(2mi) via (/Jc.R, complex conjugation of matrices can be represented by conjugation by Im^.m-i, 
but D can not. Thus, b = Tbib2 where T = l2m, or Imi,™,,, &i G and 62 G Co(2m,)(UmJ- 
Conversely, any element of 0(2mj) of this form normalizes U^. . 

For Kj = H the argument is similar. Here all automorphisms are inner. □ 

Proof of Proposition \3M . According to the above considerations, we have to show that No(„)(//) 
contains an element with negative determinant if and only if H belongs to one of the two cases 
given in the proposition. In the first case, H itself or its centralizer contains an element of negative 
determinant. In the second case, by Lemmas 13.91 and 1 3.101 No(„)(i/) contains an element which 
in the notation of Lemma 13.91 is given by ab with 6 = 1„, = lmi,mi for the relevant U-factor 
and Qi = l<5,mi for the other factors. The determinant is det(a6) = (_ 1)"*^'=^ = — 1. 
Conversely, let an element of No(n)(-ff) with negative determinant be given. We can write it in 
the form ab where b G Co(n) {H) and o is given in Lemma 13.91 Then 

det(a6) = (det m)''^ ■ ■ ■ (det Urf'' det 6 = -1 . 

If det 6 = —1, Co(n){H) contains an 0-factor of odd multiplicity, hence H contains an 0-factor 
of odd rank and we are in the first case of the proposition. If det 6 = 1, one of the ai must have 
negative determinant and the corresponding multiplicity ki must be odd. By Lemma 13.101 if 
has negative determinant then Ki = M, where we are in the first case of the proposition, or 
Kj = C and rrii odd, where we are in the second case of the proposition. □ 



Im, 

-1, 
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ojoioio; 




Figure 3: Hasse diagram of the set of conjugacy classes of Howe subgroups of S0(4). For the 
notation, see Figure [H 

To define a standard form for Howe subgroups of SO(n), we fix a(„) G 0(n) with det(a(„)) = —1, 
-1 



e-g- a(n) 



In- 



For a Howe subgroup H of 0(n) let 

SF+ := SH , SH- := a^J)Si7a(„) . (15) 



By a subgroup of SO(n) of type [S//^] we mean a subgroup of the form SH^ where -ff is a Howe 
subgroup of 0(n) in standard form. For simplicity, when treating SO(n) in the following, all 
results will be derived for both these types of subgroups, irrespective of that some of them may 
not be Howe or that SH^ and SH~ may define the same conjugacy class in SO(n). If the latter 
is true we may just forget about SH~ and consider SH^ alone. This applies in particular when 
n is odd. 

Example 3.2. Consider the S-admissible Howe subgroups of 0(2) and 0(4) derived in Example 
13.11 We determine their conjugacy classes in S0(2) and S0(4), respectively. For 0(2), the 
situation is trivial. Let us check consistency, anyhow. The only S-admissible Howe subgroup 
of 0(2) is Uj; it possesses a U-factor of odd rank and odd multiplicity and hence defines a 
single conjugacy class in S0(2) by Proposition 13.81 (consisting of S0(2) itself). For 0(4), the 
S-admissible Howe subgroups which give rise to two distinct conjugacy classes in S0(4) by 
Proposition 13.81 are Uf, U2, 0| and Sp\. Thus, there are altogether 14 conjugacy classes of Howe 
subgroups in SO (4). The corresponding Hasse diagram is shown in Figure O It is interesting to 
note that one of the two classes of type Sp^ corresponds to the subgroup of left isoclinic rotations 
in S0(4) and the other one to the subgroup of right isoclinic rotations. These two subgroups are 
known to be conjugate in 0(4) but not in S0(4), indeed. 

Remark 3.11. 0(n) contains Howe subgroups which give rise to two distinct conjugacy classes 
in SO(n) if and only if n is a multiple of 4. Indeed, any 0-factor of such a Howe subgroup must 
have even rank and even multiplicity and any U-factor must have even rank or even multiplicity. 
Hence, any irreducible factor contributes to the dimension by a multiple of 4. Conversely, if 
n = 41 then e.g. the Howe subgroup O21 gives rise to two distinct conjugacy classes in SO(n) by 
Proposition | 
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4 Principal bundles with a Howe subgroup as structure group 



The aim of this section is to classify principal bundles whose structure group is a Howe subgroup 
of 0(n), SO(n) or Sp(n) and whose base space is a simply connected CW-complex of dimension 
4 without 2-torsion in H'^{X, Z). We will use classifying spaces and classifying maps to construct 
characteristic classes which distinguish the bundles, see Appendices [A] and Ofor a brief overview. 
We start with introducing some notation. For a Lie group G, let B G denote the classifying space 
and let [X, B G] denote the set of homotopy classes of maps from X to B G or, equivalently, the 
set of isomorphism classes of principal G-bundles over X. 

Let be a Howe subgroup of G = 0(n) or G = Sp(n). Due to ^ and ([TO]) . as a Lie group, 

H ^ IiKi(mi) X • • • X lKr{mr) ■ 
Accordingly, the classifying space of H decomposes as 

BH = BlKi(mi) X • • • X BlK,(mr) 
and any principal -ff-bundle Q over X decomposes as 

Q = Qi e ••• ©Qr 

(fiber product), where the Qi are lKi(mj)-bundles over X. We refer to them as the factors of Q. 
More precisely, extending the terminology used for the Howe subgroups, we speak of 0-, U- and 
Sp-factors, depending on whether Kj = M, C or H, respectively. We will also have to consider 
the identity connected component Hq of H. As a Lie group. 

Ho ^ lK^(mi)o X • • • X IK,("^r)o , 

where lKi(W'j)o = SO(mj) for Kj = M and l^-{mi)o = l^.{mi) for Ki = C, M. The classifying 
space is 

BHq = BlK,(mi)o X • • • X BlK,imr)o 
and principal ffo-bundles over X decompose as 

Qo = Qoi XX ■ • • XX Qor , 

where the Qoi are Ik^ (mi)o-bundles over X, referred to as the factors of Qo- Similarly to the Howe 
subbundles we speak of SO-, U- or Sp-factors here. Since X is simply connected, any //-bundle or 
Si/^-bundle (in the case G = 0(n)) can be reduced to Hq, where the reductions are given by the 
connected components of the given i^-bundle. As a consequence, the classification of if-bundles 
and SiJ^-bundles can be derived from the classification of ffo-bundles. To classify ffo-bundles 
it suffices to classify bundles with the factors of Hq as structure group, i.e., SO(m), U(m) or 
Sp(m). The cases of U(m) and Sp(n) are standard; the necessary results will be cited below. 
Thus, the problem is reduced to the classification of principal SO(n)-bundles. Since the solution 
is obvious for n = 1,2, it remains to solve the problem for n > 3. We use methods introduced 
by Woodward jlB] and improved by Cadek and Vanzura fS^, TO] . Since X has dimension 4, we 
have stability beginning with n = 5 i.e. [X, B S0(5)] = [X, B S0(6)] = • • • = [X, B SO]. Since X 
is simply connected, [X, BSO] = [X, BO]. 

Remark 4.1. The reason for the assumption that X be simply connected is that it allows to re- 
duce the study of [X, B 0(4)] to the study of [X, B S0(4)]. As we have to make it anyhow, we can 
use it further to make simplify arguments by, e.g., treating i?-bundles and Sff-bundles simulta- 
neously through f^o-bundles or switching freely between 0(m)-bundles and SO(m)-bundles. The 
assumption of simple connectedness is however not as general as possible; in fact it is sufficient 
that H'^{X,Z2) = 0. 
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4.1 Principal bundles with structure group 0{n) or SO(n) 

Let 0^: : H*{X,Z2) — > Z4) be the map induced by the inclusion homomorphism 6* : Z2 — > 

Z4 and let p and pn denote the maps induced by reduction Z4 — > Z2 and Z — > Z„ repectively. 
Let *P and Sq^ denote the cohomology operations of Pontryagin square and Steenrod square, 
repectively, see Appendix [Cl Define a mapping 

m : H\X,Z2) ® H\X,Z2) ® H\X,Z2) ® H'^{X,Z) H^{X,'Li) 

by 

'^{ui,U2,U4,,V4) := P4V4 - ^U2 + 9^{uiSq^U2 + U4) , 

for all spaces X . Let Wk G i^*^(B0,Z2) be the fc-th Stiefel- Whitney class, pi G H^(BO,Z) the 
first Pontryagin class and denote a = {wi,W2,W4,pi) . It can be shown, see Theorem \D.3\ that 

lH(a) = (16) 

holds for characteristic classes of real vector bundles of arbitrary dimension n . For any CW- 
complex X the 4-tuple a of cohomology elements defines a mapping 

a, : [X,BO] ^ H\X,Z2) ® H^{X,Z2) ® H\X,Z2) (B H'^{X,Z) 

by 

a*(e):=r(a), C^[X,BO]. (17) 
Obviously, we have a*(^) = {wi{(,),W2{0,miO^PiiO) ■ 

Theorem 4.2. Let X be a CW-complex of dimension four. The mapping a* defined by (fTTll is 
injective if H'^{X,Z) has no element of order 4- 

Remark 4.3. Let X be a 4- dimensional CW-complex without A-torsion in H'^{X,'L). Then, ac- 
cording to the above theorem the sets [X, BO(n)], n > 5, are classified by tuples {wi,W2,W4,pi). 
Moreover, via the natural projection B SO(n) — > B 0(n) we obtain a classification of [X, B SO(n)] , 
n > 5 , given by {w2,Wi,pi). 

Proof of Theorem \4-^ The strategy will be to replace B O by a 5-equivalent space. For that 
purpose, consider the following product of Eilenberg-MacLane spaces □ 

K = K{Z2, 1) X K{Z2, 2) X if(Z2, 4) x K{Z, 4) . 

By virtue of the natural isomorphism i?"(B O, •) = [B O, K{-,n)] , see Appendix IbI the 4-tuple a 
of cohomology elements induces a mapping BO ^ K , which will be also denoted by the letter a . 

Let 

{fii,K2, K4, X4) G h\k{Z2, 1), Z2) e h\k{Z2, 2), Z2) e h\k{Z2, 4), Z2) e h^{k{z, 4), z) 

denote the fundamental classes and let {ui,U2,Ui,Vi) G H'^{X,Z2) ©//^(X, Z2) ©ff^(X, Z2) © 
H^{X, Z). Then via the isomorphism H'^{X, •) [X, K{-,n)] we get a map f = ipi x ip2 x tp^ x 
4>i G [X, K] such that 

(ui, M2, Ui, V4) = f*{Ki 0101(8)1,10K2®1(8)1,1(8)1(8)K4(8)1,1(8)1<8)1<8) Xi)- 
^See Appendix [B] 
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In what follows we leave out the I's in the formulae. Since 9^ is built of cohomology operations 
we have: 

1Ho/*(ki,K2,K4,X4) = /* o9^(/^l,'«2,K4,X4)- 

That means 9\ is uniquely determined by its value on the fundamental classes. Moreover, since 
K2, K4, X4) € H^{K,Z4), it defines a unique mapping k : K ^ i^(Z4,4) by 

k*{L4) =9\{Ki,K2,Ki,Xi) , (18) 

where G //^(i^(Z4, 4), Z4) denotes the fundamental class. 

By passing to a homotopy equivalent K we can turn k into a fibration [19]. The homotopy fiber 
is given by F = A;~^(*) , where * denotes the base point of /C(Z4,4) . We show that equation 
(fTBl) implies that k o a is nullhomotopic: 

(k o a)*(t4) = Q* o k*{L4^) 

= a* 0$n(Ki,K2,K4,X4) 
= a*(Ki,K2,K4,X4) 

= 9l(a*Ki, a*K2, a*K4, 0*^4) 
= 91(a) = , 

where we have used again the isomorphism H'^{X,-) = [X,K{-,n)]. By lifting the homotopy 
/c o a ~ to we can achieve that a(B O) C F. Thus, there exists a lift d : B O — > F and we 
have the following commutative diagram 

F^-K— ^K(Z4,4) (19) 

V 

BO 

Lemma 4.4. The mapping a is a b- equivalence. 

Proof of the Lemma: We will use that o = a* and determine a,, from j* and a*. The 
low-dimensional homotopy groups of B O are 

^i(BO) = ^2(B0) =Z2, 7r3(BO) = 0, 7r4(BO) = Z. 

The homotopy groups of K are 

TTi{K) =t:2{K) = 12, Tr^{K) = Z2 (B Z , TTi{K) = , i = 3,i>5. 

The exact homotopy sequence of the fibration (fT9]) decomposes into the portions 

^ TTiiF) h TTi{K) h , i/3,4, 

and 

^ vr4(F) ^ 7T^{K) h 7r4(K(Z4, 4)) ^ 7r3(F) h . (20) 

It follows that is an isomorphism for all i / 3,4 and injective for i = 4. First, this implies 
7r5(F) = 7r5(ii') = 0, hence d* is onto for i = 5. Second, we conclude that for i = 1,2, d* is an 
isomorphism iff so is a*. 
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We determine q* in dimension i = 3 using homology. Let i' be an element of the subgroup 
H4,(K{Z,4:)) C Hi{K) . Evaluation of([IH|)onlxlxlxz^ yields for the l.h.s. 

/C*(t4)(l X 1 X 1 X I/) = L4{k^:{l X 1 X 1 X Z^)) 

and for the r.h.s. 

9\{ki, K2, K4, X4)(1 X 1 X 1 X Z^) = P4 o Xiil^) ■ 

Thus, 

X 1 X 1 X I/) = 64^^ O p4 o X4(z^) • 

Since X4 and 64 are isomorphisms and p4 is surjective, A:* is surjective. Hence, 7r3(F) = 0. Since 
also 7r3(BO) = 7r2(0) = 0, is trivially an isomorphism in dimension i = 3. 
Thus, it remains to show that a* is an isomorphism in dimensions i = 1,2 and ... in dimension 
i = A. We have a^: = wu x W2* x w^^ x pi^ . Thus, in dimension i = 1, 2 we get 

a* = Wi^ : 7rj(B0) ■Ki{K{Z2,i)) 

and in dimension 4 we obtain 

a, = X pu : vr4(B O) ^ 714(^(^2, 4)) x tt4{K{Z, 4)) . 

We calculate Wi, for i = 1, 2, 4 : Let [£,] £ vr^ (B O) = [S'S B O] . Then Wi^ = K o ^] . By the 
isomorphism [S^ , K{Z2,i)] = H^{S^,Z2) the element [wj o ^] corresponds to 

{Wi O CYiKi) = C ° W*{Ki) = C*Wi = Wi{C) , 

where Wi{^) is the i-th Stiefel- Whitney class of the real vector bundle ^ . Since 7ri{K{Z2,i)) = Z2 
and since there exist real vector bundles with nonvanishing i-th Stiefel- Whitney class in all cases 
(the real, complex and quaternionic Hopf bundles), Wi^ is surjective. Since 7ri(B0) = Z2 = 
7r2(BO) and 7r4(BO) = Z we conclude that Wi^ is an isomorphism for i = 1,2 and w^^ is 
reduction modulo 2 . This finishes the proof for i = 1,2. 
Next, we calculate pi*: As above, for [^] G 7r4(BO) , we get 

Using the standard relation p2Pi = W2 , see Proposition ID. 41 together with H'^{S'^,Z2) = 0, we 
conclude P2Pi{C) = • Thus, pi, is multiplication by an even number. Consider the quaternionic 
line bundle associated with the quaternionic Hopf bundle ^ S'^ , which can be viewed 

either as a real bundle ^ or as a complex bundle 77 . Then, = 77 © 77 and the third relation in 
Proposition ID. 51 together with the Whitney sum formula for the Chern classes yields 

PiiO = -C2{f) = -2c2{v) - ci{r,f = -2c2{v) ■ 

Since 02(7/) is a generator of we conclude that (fi)* is multiplication by two. Hence, 

we get 

a* = (w^)^ X (pi)* : 7r4(B O) = Z ^ Z2 © Z = n^^K) , ?i 1-^ (tt, mod 2, 2n) . 

In particular, a^, is injective. Since is also injective and a* and have the same image, a^: is 
an isomorphism. □ 
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We continue with the proof of the Theorem. Since q is a 5-equivalence the sets [X, B O] and 
[X, F] are isomorphic. By iterating the process of forming homotopy fibers one obtains a sequence 
of fibrations associated with the fibration (fTOl) : 

... — >9.F — >9.K — >9.B — >F — >K — > B, 

with B = K{7j4,A) . Consider the following exact sequence related to this fibration (obtained by 
applying the functor [X, —]): 

>[X, QK] ^ [X, K{Zi, 3)] ^ [X, F] ^ [X, K] ^ [X, ^(^4, 4)] , 

where ^}B = K{Z4, 3) has been used. The aim is to find a condition which ensures the injectivity 
of the map j* in the sequence above. Obviously, j* is injective if and only if i* is the zero map. The 
latter is true if and only if Qk^ is surjective. Thus, we have to calculate Qk . We know that ^Ik G 
[QK, K{Z4, 3)] = H^{nK, Z4). Under the isomorphism H^{K{Z4, 3), Z4) = [K{Z^, 3), K(Z4, 3)] , 
the element is € ff^(/C(Z4, 3), Z4) obviously corresponds to the identity [id]. Thus, (riA;)*(t3) 
corresponds to [id o r^/c] = [O/c] and computing Qk is equivalent to computing (Qfc)*(t3). For 
this calculation consider the commutative diagram built from the path loop fibrations of K and 
i^(Z4, 4) respectively: 



PK -Pi^(Z4,4) 

K— ^K(Z4,4) 

In what follows all suspension homomorphism^ occuring in the text will be denoted by a . Using 
(1761) together with (Qk)* o cr = ct o A;* , see |30l Chapter 6.2], and ^ we get: 

(nkriis) = {nkr{a{Li)) 

= CT{k*M) 

= 0-(5H(ki,K2,K4,X4)) 

= cr[p4XA - ^1^2 + 6'*(KiSq^K2 + K4)) • 

Obviously, fi/c* is surjective if so is its restriction to K{7,,3), which is the map induced by the 
first summand in the last line above. We have, see jSHl Chapter 6.2], 

cr o P4(X4) = P40 Cr(x4) = PiiXs) , 

where xs G H^{K{Z,3),Z) is the fundamental class and K{Z,3) = 17K(Z,4) C . Now let 
/ G [-fir(Z, 3), -fC(Z4, 3)] denote the restriction of induced by Piixs) 1 i-e- 

f*{L3) = P4{X3) • 

On the level of cohomology equivalence classes that means 

[t3 o nk]co = [/94 o X3]co ■ (21) 

^see Appendix [B] 
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We claim that the following diagram is commutative: 

[X,K(Z,3)] ^- 



P4 



Here the unnamed arrows are the natural isomorphisms, see Appendix iBl Let g E [X, K(7,,3)] . 
Using (PT]) we get 

P45*(X3) = [P4 0x30 9]co = [is o / o g]co = (/ o 5)* (is) • 

Thus, the above diagram is commutative, indeed. That means j^, is injective if the map 

H^{X,Z) ^ H^{X,Zi) : x^pix 

is surjective. For the final step consider the following portion of the Bockstein sequence associated 
to Z ^ Z ^ Z4: 

H^{X, %) a^iX, Z4) H^ix, Z) H^ix, Z) 

Thus, p4 is surjective iff /? = , that means iff multiplication by 4 is injective, that means iff 
H'^{X,Z) has no elements of order 4. This finishes the proof. 

□ 



Corollary 4.5. The image of the mapping a* defined by (I17p coincides with the set of A-tuples 

(3 = {ui,u2,ui, V4) e H\x, Z2) e H\x, Z2) e H^ix, Z2) e h\x, z) 

fulfilling the relation 



9l(iti, U2, U4, V4) = 0. 



(22) 



Proof: Let /3 be a 4-tuple fulfilling relation (f22]l and let us denote the corresponding mappping 
X ^ K also by /3 . By the same arguments as above, there exists a lift P of (3 , i.e. the following 
diagram commutes: 



(23) 



13 



X 



Putting together the diagrams (fT^ and (E^ we obtain 

BO 



(24) 




X 
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By Lemma a induces an isomorphism 

: [X, F\ ^ [X, B O] . 

Thus, using the inverse isomorphism (d*)"^ we get a mapping class /3 := (d*)~^(/3) G [X, BO] . 
We compute 

ao/3 = jodo/3 = jod* ((q!*)~^(^)) = j o /3 = /? , 
or on the level of cohomology classes = /3 . □ 

Next, in analogy to the situation in Theorem 14.21 we consider the 3-tuple a' = {w\^W2^V\) 
of cohomology elements with Wk G i?*=(B 0(3), Z2) and pi G i?''(B 0(3), Z) being the Stiefel- 
Whitney classes and the Pontryagin class respectively. As above, d defines the mapping 

< : [X,B0(3)] ^Fi(X,Z2)eF2(X,Z2)e//^(X,Z), a^e):=r(a'), (25) 

for any CW-complex X . This means a'^(i^) = (^^i(C)! ^2(C))l'i(C)) • 

Theorem 4.6. Let X be a complex of dimension four. Then, the mapping a'^ defined by ()25p is 
infective if H'^{X,'L) has no element of order ^. 

Remark 4.7. Let X be a 4- dimensional CW-complex without A-torsion in H^{X,Z). Then, 
according to the above theorem the sets [X, B0(3)] are classified by tuples {wi,W2,pi)- Moreover, 
via the natural projection BS0(3) — > B0(3) we gain a classification of [X, BS0(3)] given by 
{w2,Pi)- 

The proof of Theorem 14.61 is completely analogous to the proof of Theorem 14.21 and will be 
omitted. We also have the analogous 

Corollary 4.8. The image of the mapping a'^ defined by (I25p coincides with the set of ^-tuples 

(m, U2, v^) G H\x, Z2) e H^ix, Z2) e h\x, z) 

fulfilling the relation 

P4V4 — ^U2 - 0^{uiSq^U2) = . (26) 
The next result generalizes a classical one (see |^45j). 

Theorem 4.9. Let X be a complex of even dimension n. Then the number of different iso- 
morphism classes of n-dimensional orientable vector bundles which have the same Euler class 
and which are stably equivalent is bounded from above by the number of 2-torsion elements in 
i?"(X, Z). 

Corollary 4.10. //i/"(X, Z) has no 2-torsion then two vector bundles ^ and rj over X are 
isomorphic iff they are stably equivalent and have the same Euler class. 

Remark 4.11. For the case n = 4 and under the assumption that i?^(X, Z) has no 2-torsion, it 
follows from Theorem 14.21 that two principal S0(4)-bundles are stably equivalent iff their second 
and fourth Stiefel- Whitney classes and their first Pontryagin classes coincide. Thus, principal 
S0(4)-bundles P over X are classified by tuples {w2{P),W4,{P),pi{P),e{P)) . This follows from 
the fact that {w2{P),Wi{P),pi[P)) = fp o Ai*(u'2, ii'4,pi) , where /j, : BS0(4) BSO is the 
natural projection, fp is the classifying map of P and {w2,Wi,pi) are the Stiefel- Whitney classes 
and the first Pontryagin class in the cohomology of B SO . 



22 



Proof of Theorem \4-9{ We formulate the statement in terms of a lifting property: Let there be 
given 2 elements fi £ [X, BSO(n)], i = 1,2, which define stably equivalent bundles. Stable 
equivalence means vr o = yr o /2 , with vr being the projection of the canonical fibration ^ 
BSO(n) — >• BSO(n + 1) . Thus, the question is how many lifts (defining the same Euler class) 
of a given map f : X ^ BSO(n + 1) do exist. This problem will be solved by using the 
Moore-Postnikov tower for the fibration B SO(n) — > B SO(n + 1) (see [44] for the details of this 
construction). It turns out that it is sufficient to consider its first nontrivial stage: 



S" 



K{Z,n) 



E 




:BSO(n + l) 



K{'L,n+l) 



BSO(n) 
BSO(n + l) 

For the convenience of the reader we recall that this diagram is commutative and has the following 
properties: 

1. The map (p is an (n + l)-equivalence. 

2. The fibration p : S — > B SO(n + 1) is the pull-back of the path loop fibration of Er(Z, n + 1) 
under the mapping k . 

3. The map k : B SO(n + 1) — > i^(Z, n + 1) is given by 



k*{Ln+i) = r'(o„) 



(27) 



where r' is the transgression homomorphisms, see Appendix [B1 associated with the fibration 
TT : B SO(n) — > B SO(n + 1) , is the fundamental class of i^(Z, n + 1) and On € H^{S", Z) is 
the n-th cohomology generator. 

Lemma 4.12. Let Wn he the n-th Stief el- Whitney class o/BSO(n + 1) . We have 

t'(o„) = P{Wn) , (28) 
where (3 is the Bockstein homomorphism associated toO—fZ—fZ—fZ2^0. 

Proof of the Lemma: Consider the following portion of the Serre exact sequence associated to 
the fibration tt : B SO(n) ^ B SO(n + 1): 

>H''{S'',Z) X/f"+i(BSO(n + l),Z) ^/?"+i(BSO(n),Z). 

We have im(r') = ker(7r*). Recall that n is even. According to ([88]) in Appendix [Pl the Euler 
class of B SO(n + 1) satisfies p2e = Wn+i- On the other hand, we have 



P2 o (3{wn) = Sq^(w„) = m 



n+l 



Since p2 is injective on the torsion elements of H*(B SO(n + 1), Z), we conclude that e = (3{wn) ■ 
Now consider the Gysin sequence of the fibration S" ^ B SO(n) —>■ B SO(n + 1): 



> H°{B SO{n + 1), Z) ^-^^ i?"+HB SO{n + 1), Z) ^ F"+i(B SO(n), Z) 

Obviously, kervr* is generated by (3{wn) which proves the lemma. 



□ 
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By point 1 of the above list, the induced mapping 

ip^ : [X,BSO(n)] ^ [X,E] 

is an isomorhism. Thus, instead of fi we consider their images under this isomorphism, which 
we denote by the same letter. By point 2 as well as the above Lemma we have 

E = {(6, 7) G B SO(n + 1) x PK{Z, n + 1) | /3(u;„)(6) = 7(1)} ■ 

Since n) = Q,K{Tj, n + 1) we can define a multiplication m : E x K{Z, n) — > £■ by 

m{{b,-f),a) = (6,70 a). 

In every point x £ X the two lifts /i and /2 differ only by an element a G i7i^(Z, n+1) = KCZ, n). 
Thus, there is a map d : X ^ K{Z, n) such that 

h = m{h,d), (29) 

where m is viewed as point- wise product. 

Lemma 4.13. The induced mapping m* : H'^{E,Z) H^{E x Q,K{Z,n + 1)) is given by 

m*(x„) = .T„ ® 1 + 1 (g) i*(.x„) , (30) 

where l is the inclusion of the fiber into the fibration QK{Z, n + 1) ^ E ^ B SO{n + 1). 

Proof of the Lemma: Using the Kiinneth Theorem we obtain 

i7"(E X nK{Z, n + 1), Z) = H'^iE, Z) H^{nK{Z, n + 1), Z) 

e H°{E, Z) (8) iJ"(Oii:(Z, n + 1), Z). 

Since H°{E, Z) = Z = i70(QK(Z, n + 1), Z) we get 

"T'*(3^n) = C^{yn)k ® /^fc) + (XI ® (^'»)'-) 
fc r 

= t^kiyn)k «) 1) + (1 ® X ^'•(^n)r) 

= (2/n 1) + (1 ® Zn) . 

For the computation of y„ and 2„ let the canonical inclusions and projections of £^ x J7K(Z, n+ 1) 
to its factors be denoted according to the following diagram: 



E x nK{Z,n + l) 




«2 




»1 

E'-^ J^if(Z,n + l) 

Obviously, we have m o = id and hence: 

Xn = ^^ m*{Xn) = iliVn (8) 1 + 1 <8) Zn) = yn 

where the last equality simply follows from the fact that iiprl{yn) = Vn and i\pr^{yn) = 0- We 
show that Zn = L*{xn)- For that purpose note that moi2 = i and hence: 

l^*iXn) = i*2 'm*{Xn) = il{Xn ® 1 + I ® Zn) = Zn ■ 
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□ 



>From Proposition IE. II applied to the map if : BSO(n) E we know that 

if* : H'^iE^Z) /7"(BS0(n),Z) 

is an isomorphism. In what follows we identify the Euler class e G H"'{B SO(n), Z) with its image 
{^*)-^{e) in H''{E,Z). 

Lemma 4.14. Let in £ H'^{K{'L,n),'L) he the fundamental class. Then we have 

i*{e) = {±)2in. 

Proof of the Lemma: Let us consider the following portion of the Serre sequence for the fibration 
K{Z, n)^ E^B SO(n + 1) as well as for the fibration S'^ ^ B SO(n) ^ B SO(n + 1): 



i/"(BSO(n + 1),Z) 



i/"(BSO(n + 1),Z) ^^i/"(BSO(n),; 



-^if"(5",Z) 



if"(5",Z) — 



i7"+i(BS0(n + l),Z) 



i7"+HBS0(n + l),Z) 



^i/"+i(BSO(n),Z) 

Since poip = vr we have vr* = ip*op* and hence ker vr* = ker ip*op*. Moreover, applying Proposition 
[El] again to the mapping ip : BSO(n) ^ we see that ip* : H''+'^{E,Z) F"+i(B SO(n), Z) is 
injective and hence kervr* = kerp*. Since the Serre sequence is exact this implies imr' = imr. 
Since both, H^{S^, Z) and H'^{K{Z, n), Z) are generated by a single element, namely o„ and tn , 
Lemma 14.121 implies 

t'(o„) = f3{Wn) = T{in) ■ 

Since P{wn) is a 2-torsion element the kernel of r is given by the multiplication map by 2. Since 
the Sequence is exact this kernel equals im(i*), i.e. the image of t* is generated by 2t„ . It is 
well-known that i?"(B SO(n), Z)/im7r* is generated by the Euler class e. Since vr* = if* op* we 
see that H^{E,Z)/im.p* is generated by e, too. (Recall that we have identified e with its image 
under {ip*)~^.) Thus, we obtain the result L*{e) = ±2i„ . □ 



For the final step of the proof we write down ((29]) more precisely as the composition: 

:E 



X X X X E X K{Z,n) 



and calculate: 



/2 



/1(e) = A*(/i X d)*m*(e) 

= A*(/i xd)*{e(^l + l(^i*{e)) 
= A*(/i X dy{e(S)l ± 1 (g)2t„) 
= A*(/i*(e)(g)l±l®2d*(i„)) 
= f^{e)±2d*{Ln). 
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Assume that the two stably equivalent bundles /i and /2 have the same Euler class. Then, the 
last equation implies that they can only differ by a map d with the property 2d = . Realizing 
that the homotopy classes of such maps are in one-to-one correspondence with 2-torsion elements 
of H'^{X,'L) it completes the proof of the theorem. □ 

Remark 4.15. The Stiefel Whitney class does not enter in any of the above classification 
results. This suggests that there should be a relation expressing in terms of the other char- 
acteristic classes. Indeed, (f89]l implies 

W^{P)=WiW2 + S(l^W2{P). (31) 

In particular, for X being simply connected or for principal 5*0 (n) -bundles P we have wi{P) = 
and, therefore, 

w^{P)=^^^W2{P). (32) 

For further use, we will now formulate the classification of SO(n)- and 0(n)-bundles over 4- 
dimensional CW-complexes X in a universal way. For convenience, in both cases we assume that 
X is simply connected, although this assumption is necessary only for the 0(n) -bundle^. 

Theorem 4.16. Let X he a simply connected CW-complex of dimension 4 without 2-torsion in 
H'^{X,X). SO{n)-bundles over X are classified by the characteristic classes w, p, and e. More 
precisely, the map 

[X, B SO(n)] H'^iX, Z2) X H'^{X, Z2) x H'^iX, Z) x H'^{X, Z) 

P ^ {w2{P),w^{P),pi{P),e{P)) (33) 

is a bijection onto the subset defined by the fundamental relation 

m{0,W2{P),WiiP),piiP)) = p^PiiP) -^W2{P) +e.Wi{P) = (34) 

and the following special relations: 

n = l: W2{P) =Wi{P) =pi{P) = e{P) =Q. 

n = 2: W2{P) = P2e{P), Wi{P) = 0, pi{P) = e{P)\ 

n = 3; Wi{P) = 0, p2e{P) = Sq^ W2{P). 

n = 4: W4{P) = P2e{P). 

Remark 4.17. In case n = 3, the relation for e determines e(P) uniquely because e{P) is a 
2-torsion element here, see [20l Prop. 3.13]. Hence, the Euler class is a relevant parameter for 
n = 2 and n = 4 only. 

Proof. We have wi{P) = and W3{P) = Sq^ W2{P) , by Remark [4.151 For the stable case n > 5 , 
the theorem follows from Theorem 14.21 and Corollary 14.51 As mentioned earlier, see (I16p . the 
fundamental relation is fulfilled in all cases. For n = 1, the assertion is obvious. For n = 2 we 
have the isomorphism ipc,R '■ U(l) S0(2). According to Proposition ID. 51 (B^^c.r) e = ci. 
Since ci defines a bijection from [X, B U(l)] onto H'^{X, Z), the same holds for e and [X, B S0(2)]. 
It remains to check the relations. The first one follows from the relation P2e = W2, see (f55]l . The 
second one is obvious. The third one follows from Theorem ID.2[ 

*See however Remark [4. II 
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For n = 3, Wi = 0. The relation for e is due to ([3T]) and (f88]) . Hence, the assertion follows from 
Theorem 14.61 and Corollary 14.81 

For n = 4, the classification is given by tuples {w2{P),W4{P),pi{P), e{P)) of characteristic 
classes according to Theorem 14.21 and Corollary 14.101 It remains to show that the image of the 
mapping ([^51) is defined by the above relations: For that purpose, observe that for every S0(4)- 
bundle with classifying map / there exists a stable bundle fiof induced via the natural projection 
/i : BS0(4) — > BSO . For a given tuple {'W2,W4,pi), fulfilling the fundamental relation, there 
is always a stable bundle and hence an S0(4)-bundle P with classifying map fp and classes 
{■W2{P),W4,(P),pi{P)) = fp o iJ-*{'W2,Wi,pi) , which also fulfil the fundamental relation. This 
follows from Corollary 14.51 see also Remark 14.111 For any class e G H'^{X,'L) fulfilling the 
relation W4,{P) = p2e we take C2 = Bc^ckCc) • This is the second Chern class of a principal U(2)- 
bundle with classifying map g . Then, B ifcs. ° 9 defines a principal S0(4)-bundle with Euler 
class e . The relation Wi{P) = p2e follows from ((881) . □ 

Since X is simply connected, from the classification of [X, BSO(n)] we obtain a classification 
of [X, BO(n)] by identifying SO(n)-bundles which are reductions of the same 0(n)-bundle, i.e., 
which differ at most in the sign of the Euler class. To formalize that, for a € H^{X,Z) let [a] 
denote the class of a under the equivalence relation a ~ /? 4^ a + /? = and let PH''{X,Z) 
denote the set of equivalence classes. On FH*{X,Z), the following operations can be defined: 

- the cup product by [a][(3] = [a(3], 

- the square as a map FH''{X,Z) H'^''{X,Z) by [a]^ = a'^, 

- reduction mod 2 as a map PH*{X,Z) Z2) by P2([a]) = P2«- 

Define a map [e] : [X,BO(n)] PH"'{X,Z) by [e]{P) := [e(Po)], where Pq is some reduction 
of P to SO(n). We will loosely speak of [e] as a characteristic class for 0(n)-bundles, although 
it is not a cohomology element of X and it is not defined by a cohomology element of BO(n). 
Passing to equivalence classes of e{P) in Theorem 14.161 we obtain 

Corollary 4.18. Theorem 14.161 remains true when SO(n) is replaced by 0{n), Z) by 

Pi7"(X,Z) and e{P) by [e]{P). □ 

4.2 Principal bundles with structure groups Hq, H and Sif^ 

We recall the classification of U(n) and Sp(n)-bundles over a CW-complex X of dimension 4: 

- The Chern class c of BU(n) defines a bijection from [X, BU(n)] onto H'^{X,Z) for n = 1 and 
onto H^{X,Z) X H'^{X,'L) for n > 2. 

- The Chern class c of BSp(n), defined by c( Sp(n)) = ( B (^e^c)*c( U(2n)) , defines a bijection 
from [X, BSp(n)] onto H^{X,Z). This is a consequence of the isomorphy of Sp(l) and SU(2) 
and the fact that in 4 dimensions, Sp(l) is already the stable case. 

Putting all of the above facts together we obtain the following classification result for Lie groups, 
which appear as Howe subgroups of 0(n) and Sp(n). 

Theorem 4.19. Let X be a simply connected CW-complex of dimension 4 without 2-torsion in 
H'^{X,Z) and let H = IkA'^i) X • • • X lKr("^r) , where JKj = R, C, H. Principal bundles Q over 
X with structure group Hq or H are classified by the collection of characteristic classes of their 
factors Qi, i.e., 

- in case of Hq by w{Qi), p{Qi) and e{Qi) for Kj = M and c{Qi) for Ki = C,Il, 

- in case of H by w{Qi), p{Qi) and [e]{Qi) for Kj = M and c{Qi) for Ki = C,EI. 
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For Kj = M , the characteristic classes are subject to the relations given in Theorem I4.16|. Corol- 
lary Wl^ and Formula □ 



More precisely, the statement of the theorem reads as follows. Let K = Hq ox H and let Jj 
denote the image of the characteristic classes of the factor Qi in the cohomology of X (where it 
is understood that in case K = H the image of the Euler class is a subset of FH^^{M, Z)). Then 
the collection of characteristic classes of the factors Qi of Q defines a bijection from [X, B K] 
onto Ji X ■ ■ ■ X Jr. 

It remains to treat the case of principal bundles whose structure group is a subgroup of type 
[SH^^] of SO(n). In the following we assume that H has an 0-factor (otherwise H C SO(n) and 
there is nothing to be discussed). First, consider type [S-ff"*"]. For the notation, see (fTSl) . Let 
H he a. Howe subgroup of 0(n) in standard form and let Q be a principal Sir"'"-bundle over X. 
Since the identity connected component Hq of H is also the identity connected component of 
SH^ and since X is simply connected, any connected component of Q is a principal -ffo-bundle. 
One may use the classification of i/o-bundles to describe Q in terms of the characteristic classes 
of its connected components. In general, the latter will not be isomorphic, so that one would 
have to identify their characteristic classes appropriately to obtain a unique description of Q. 
Although this can be done easily we will pursue another approach here. 

For a Lie subgroup G C G' and a principal G-bundle P over X, let P*^ denote the extension of P 
to the structure group G' . This is the unique principal G'-bundle which contains P as a reduction 
to the subgroup Consider the principal ff-bundle obtained from Q by extension of the 
structure group to H. Q is a reduction of that bundle to the subgroup SH~^. Since H/SH^ = Z2, 
there exists exactly one further such reduction Q', which might be isomorphic to Q but in general 
is not. Thus, we may classify Si?"'"-bundles by the characteristic classes of ff-bundles and a 
certain Z2-valued quantity. To construct it, choose unique representatives in H*{X,Z) of the 
classes in FH*{X, Z) and define a map a : H*{X, Z) Z2 by 

I 1 a is a representative, 
a{a) = < 

1—1 a is not. 

For a principal i?o-bundle Qq define 

^(Qo) := n ^(e(Qoi))'' • 

K,=K 

Lemma 4.20. Let Qq and Q'q be principal HQ-bundles over X which have isomorphic extensions 
to H . Then Qq and Q'q have isomorphic extensions to SH^ if and only if (t{Qq) = (t((5o). 

Proof. We may identify Qq and Q'q with subsets of the extension Qq = Q'q^ = Q. We claim that 
there exists h £ H transforming Qq to Q'q inside Q. To see this, consider the quotient bundle 
Q/Hq. This is a principal bundle over X with structure group H/Hq. The natural projection 
p : Q ^ Q/Hq together with the homomorphism H — > H/Hq yields a principal bundle morphism 
covering the identity on X. There exist sections s,s' in Q/Hq such that Qq = p~^(s(X)) and 
Q'q = p~^{s'{X)). Since Q/Hq has finite fibers, s and s' are determined by their values at a single 
point. Hence, there exists an element of H/Hq transforming s to s'. Then any representative of 
this element transforms Qq to Q'q. 

^P'^ can be constructed as the fiber bundle associated with P by virtue of the action of G on G' by left 
multiplication. The action of G' on P'^ is induced from the action of G' on itself by right multiplication. 
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Now let hi denote the projections of h to the factors of H. Then 

det(/i) = nMdet(/i.)'^. (35) 

The group element hi transforms the factor Qoi of Qo to the factor Qgi of Qq, where both factors 
are viewed as subbundles of the corresponding factor of Q. Hence, for the factors with = M 
there holds 

e{Q'oi) = det{hi)e{Qoi) . (36) 

In case e{Qoi) = — e(Qoi); the factors Qoi and Qgj are isomorphic, no matter what determinant 
hi has. By passing from Qq to an isomorphic subbundle, denoted by the same symbol, we may 
assume that hi = 1 in that case. Under this assumption on h, ([35]) and (f36ll yield 

a{Q'o) = det{h) aiQo) . (37) 

If aiQ'o) = cr(Qo), JSID imphes that h G SH+ and hence Q^^^ = Q'i"^ . Conversely, if 
Qq^^ = Q'o^^ then Qq and Q'^ project to the same section in the quotient bundle Q/SH^. 
Then h projects to the class of the identity in H/SH^, i.e., h G SH^. Hence, ([37ll implies 

(T{Q'o)=CTiQo). □ 

Lemma r4.20l yields in particular that for an S//"'"-bundle Q we may define a{Q) to be a{Qo) for 
some connected component Qo- By construction, this definition applies when H possesses an 
0-factor. If it does not, we define cr(Q) = 1. Then Theorem 14.191 and Lemma r4.20l imply 

Theorem 4.21. Let X be a simply connected CW-complex of dimension 4 without 2-torsion 
in H^(X,Z) and let H = Ij^^^^ x • • • x I^^^'^ he a Howe subgroup of 0{n) of standard form. 
Principal SH^ -bundles are classified by the characteristic classes of the factors of their extension 
to the structure group H and the invariant a. □ 

Finally, consider type [Si?^]. For a principal bundle Q with structure group Si7~ we form the 
extension Q'-'^") and transform Q inside Q^(") by the element a(„) of 0(n) we had chosen for 
the definition of Sff~. (We could take any a G 0(ra) such that aSH~a~^ = SH~^.) Since the 
transformed bundle has structure group SH~^, we can define a{Q) and the characteristic classes 
of Q to be given by the corresponding quantities of the transformed bundle. 

Remark 4.22. Since the Euler class is a 2-torsion element in odd dimension, only S0(2)- 
and SO(4)-factors contribute to a. If moreover one is interested in holonomy-induced Howe 
subbundles only, SO(2)-factors do not appear, hence here it is just the Euler classes of the 
SO(4)-factors which determine a. 



We now pass to manifolds as base spaces. It was shown by Thom [42] and Milnor [32] that 
every closed n-dimensional manifold M is homeomorphic to a finite n-dimensional CW-complex. 
Thus, all the above classification results carry over to bundles over closed manifolds. Since in 
our situation M is in addition simply connected and hence orientable, Poincare duality holds. 
This implies: 

- H"'{M,Z) is torsion-free. Hence, Theorems 14. 161 \4A9\ and [42T] as well as Corollary 14 . 1 81 applv 
to closed and simply connected manifolds of dimension 4. 

- H^{M,7j) = 0. Hence the Euler class of any S0(3)-bundle vanishes. 

- H^{M,Z,2) = 0. Hence, the induced homomorphism 9^ is injective in dimension 4. Then 
Wi{P) is uniquely determined by the fundamental relation (f34ll in terms of W2{P) and pi{P): 

e,wi (p) = (P) - pm (P) . (38) 
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This means that we can ignore in the classification of SO(n)- and 0(n)-bundles over M. 
Replacing Wi by ([^51) in the relations listed in Theorem 14.161 we obtain new relations involving 
only W2, pi and e or [e], respectively, and the fundamental relation is automatically satisfied. In 
particular, for 0(n) and SO(n) with n > 5 there are no relations any more. 

Remark 4.23. If we drop the restriction on X to be simply connected, the bundles need not 
be orientable so that the classification of [-'^, B 0(4)] may not be reduced to the classification of 
[X, B S0(4)] anymore. Presumabely the classification can be done for orientable four dimensional 
base complexes using similar methods as in the proof of Theorem 14.91 but replacing the ordinary 
Euler class by the Euler class with local coefficients. 

5 Howe subbundles 

In this section we determine the isomorphism classes of Howe subbundles of principal bundles 
P with structure group G = 0(n), SO(n) or Sp(n) over closed simply connected manifolds of 
dimension 4. Since 

- subsequently we have to further factorize the isomorphism classes by the action of the structure 
group G of P, 

- this action transforms the structure group of the reduction by conjugation, 

- any Howe subgroup is conjugate to one of standard form, see Section [3j 

it suffices to discuss reductions of P to Howe subgroups of standard form. Such reductions will 
be referred to as Howe subbundles of standard form. 

First, we explain the idea. If a principal iZ-bundle Q and a principal G-bundle P are given then 
Q is a reduction of P if and only if the extension of Q to the structure group G is isomorphic 
to P. According to the results of Section HJ in the case where G = 0(n), SO(n) or Sp(n) and M 
is closed simply connected and of dimension 4 it suffices to compare the characteristic classes. 
Thus, all we have to do is to compute the characteristic classes of the G-bundle Q'^ in terms of the 
characteristic classes of the i?-bundle Q. The classifying map of is B jo/, where f : M ^ B H 
is the classifying map of Q and Bj : Bi/ ^ BG is the classifying map of the extension of the 
universal -ff-bundle to the structure group G. Consequently, a{Q^) = f* o {Bj)*a. It follows 
that (5 is a reduction of P iff there holds a{P) = f* o (Bj)*a for any characteristic class a of 
G-bundles. This provides a set of equations in the cohomology of M whose solutions classify the 
reductions of P to the structure group H. 

5.1 Howe subbundles of principal 0(n)- and SO(ra)-bundles 

We treat reductions of 0(n) to Howe subgroups and reductions of SO(n) to subgroups of type 
[S//^] simultaneously. Let H = Ijj^^^ x • • • x Ij^^^^ be a Howe subgroup of 0(n). We observe: 
since M is simply connected, a principal iZ-bundle Q is a reduction of a principal 0(n)-bundle 
P iff there exists a common reduction of Q and P to Hq. A similar statement holds for H and 
0(n) replaced by SH~^ and SO(n). Hence, it suffices to study the case of an i^o-bundle Q and 
to compute the characteristic classes of its extension Q^^^"^ to SO(n), i.e., a (QS°(")), where 
a = w, p, e. Let fi : M ^ Bl^.{mi)o denote the classifying map of the factor Qi of Q. For 
any set X let Ar : X ^ Xx ■ • • xX denote the diagonal map. For clarity, in the calculation to 
follow we label characteristic classes by the group they belong to. 
The classifying map of Q is given by 




(39) 
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The classifying map of Q^°(") is Bj o /, where B j : B Hq ^ BSO(n) is the map of classifying 
spaces induced by j. Hence, 

aiQ^^^""^) = f* {Bjya{SO{n)), a = w,p,e. (40) 

We decompose j : Hq — > SO(n) as 

^0 = Yl lKAm)o ^'-^'"^ n, S0(<5im,) Yl, S0(5,m,)x • x S0(,5,m,) ^ SO(n) , 

where 6i = dim]K(IKj) and i denotes the standard blockwise embedding. Hence, 

(BjT a(SO(n)) = (j]^ ( B v^k^.m)*) o (H, A^^) o (B.)* a(SO(n)) . (41) 

Since for the standard embedding : S0(/) ^ S0(/ + 1) there holds (Bip)*a{SO{l + 1)) = 
a(SO(0), 

(Bi)*a(SO(n)) = JJ^ a(S0(5,mi)) x xa{S0{5imi)) , (42) 
where x and refer to the cohomology cross product. Eqs. ([39]) . (^0]) . (^1]) and ([^2]) imply 

a(QSO(n)^ = (^/* (B^Ki,M)*a(S0(5imi)))'^'-.. (/; ( B a(S0(5,m,))) '\ (43) 

where powers and products refer to the cup product on M. Since B(/9Kj,iR o /j is the classifying 
map of the extension Qi := q^'-'^^^"^^^ gf the factor Qi ('realification'), we can simplify (|43]) to 

a(gSO{n))=a(Ql)'=^•..a(4)'^^ (44) 

For Kj = M, we have Si = 1 and a(Qj) = a((5i). For Kj = C,BI, denote p = '^is{—^)'^Pk and 
c = X]A,(~l)'^'^fc- The standard relations between Chern classes and real characteristic classes 
listed in Proposition ID. 51 imply 

w{Qi) = P2c{Qi) , v{Qi) = c{Qi)c{Qi) , e{Qi) = ci^^^^(Qi) . (45) 

Theorem 5.1. Let H = 1-^^ x • • • x 1^^^^ he a Howe subgroup o/0(n) and let M he a closed 
simply connected 4-manifold. Let P be a principal SO{n)-bundle over M and let Q be a principal 
HQ-bundle over M. Then Q is a reduction of P if and only if 

P(^) = Hk^.m P^Q^^'' • U^^^CM ^(^^)'^ ^(^^)'' ' (4^) 
^(^) = Hk^.m ■ n...c • Hk^.h (^^)'' ' (48) 

Proof. As noted above, Q is a reduction of P iff Q^^^") is isomorphic to P, hence iff a(Q^^^"^) = 
a(P) for a = w, p and e. Equations (P6]l - ([^8]) then follow from Equations and (PSil . where 
for ([TtI) one has to use that p ^ p commutes with the cup product. □ 

By the arguments given above. Theorem 15.11 solves the problem of Howe subbundles of principal 
bundles with structure groups 0(n) and SO(n). It remains to rewrite the reduction equations 
(PHIl - ipSll in terms of the quantities which classify i7-bundles and Si/^-bundles, respectively. 
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Corollary 5.2. Under the assumptions of Theorem \5.1\ let P be a principal 0{n)-hundle over M 
and let Q he a principal H-bundle over M. Then Q is a reduction of P if and only if Equations 
([^6]) and ([TtII hold, as well as 

where taking the class [cm^Qi)] means that CmXQi) identified with —CrrniQi) ■ 

Proof. As noted above, Q is a reduction of P iff there exists a common reduction Qo to Hq. 
This is equivalent to the condition that there exist reductions Qo of Q to Hq and Pq of P to 
SO(n) such that Qo is a reduction of Po, i-e., such that Equations (PH]l - ([^5]) hold with P replaced 
by Pq and Qi replaced by Qoi- By using that for = C and H one has Qoi = Qj, in (H6]l and 
([471) we can then replace Pq by P and Qoi by Qi again, with Q and P now meaning the bundles 
given here. Equation ([^9]) follows from (^8]) using that the cup product commutes with passing 
to equivalence classes w.r.t. the equivalence relation a~/3-<^a + /3 = 0. □ 

Corollary 5.3. Under the assumptions of T/teorem 15. 11 let P he a principal SO{n)-bundle over 
M and let Q be a principal SH^ -bundle over M. Then Q is a reduction of P if and only if for 
the factors Qi of the extension of Q to the structure group H there hold Eqs. (j46l) and (|47p . as 
well as 

eiP) = ±a{Q) ■ n,^^, e°(Q.)^» • Hk^.c ^-^^^^'^ " U^.^u ^-"(^^^'^ ' ^^''^ 

where the postitive sign applies to SH~^ and the negative sign to SH^ and where e°{Qi) denotes 
the representative for the equivalence class [e]{Qi) chosen in the definition of a. 

Proof. If Q is an S//^-bundle, it is a reduction of P iff there exists a common reduction Qo 
to Hq, i.e., iff there exists an i?o-bundle such that (H6]) - (H8]l hold with Qi replaced by Qoj. By 
the same argument as in the proof of Corollary 15.21 in (pS]) and ([TtI) we can replace Qoi by Qi 
again, with Qi now meaning the factors of the extension Q^ . Equation (f50]) follows from (HS]) 
by replacing e{Qoi) = (7(e(Qoi)) e°{Qi). If Q is an Si7~-bundle, we pass to Q°(") and and 
transform both Q inside Q^'^") and P inside P^^"-) by the element a(„) of 0(n) chosen to define 
SH~ . Let the transforms be denoted by Q and P, respectively. We have Q C P iff Q C P, i.e., 
iff (H6ll . ([TtII and (fSOll hold with Q and P replaced by Q and P, respectively. By definition of 
the classifying data of Q, in these equations we can replace Q by Q again. Since w{P) = w{P), 
p{P) = p{P) and e(P) = — e(P), the assertion follows. □ 

Remark 5.4. The powers of characteristic classes appearing in Corollaries 15.21 and 15.31 amount 
to 

wiQi)''' = 1 + kiW2{Qi) + kiWsiQi) + kiW^iQi) + {^i)w2{Qif , 
ciQi)''' = 1 + kiCiiQi) + kiC2{Qi) + (aOciCQ^)' , 
PiQi)'"' = l-kipi{Qi), 
c{,Qif'c{Qif^ = 1 + 2hc2{Qi) - kiCi{Qif . 

We observe: 

- Equation ([^6]) has to be analyzed in dimension 2 only; 
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- Equations (^8]) . (^9]) and ([50]) have to be analyzed for n 7^ 2,4 only. 

Indeed, due to ([^ . if ([^Hl) holds in dimension 2 then it holds in dimension 3. Similarly, if 
is satisfied and if (H6l) holds in dimension 2 then it is automatically satisfied in dimension 4, 
because W4{P) is determined by W2{P) and pi{P), see[38l Finally, for n 7^ 2,4, Equations ([48]l . 
([^9]) and (fSOll are automatically satisfied, because for n = 3, H has an 0-factor of odd rank and 
for n > 5 the product of Euler classes vanishes identically because of the dimension. 

Remark 5.5. The reduction equations (j46]l - (l48ll . (I49l) or ([501) are supplemented by the relations 
between the characteristic classes of the SO- or 0-factors, respectively, listed in Theorem 14.161 
or Corollary 14.181 respectively. As observed above, in these relations, W/i{Qi) can be replaced by 
W2{Qi) and pi{Qi) using (l38|). 

5.2 Howe subbundles of principal Sp(n)-bundles 

Let a Howe subgroup H = mi ^ ' ' ' ^ -'■Kr °^ Sp(n) and a principal iZ-bundle Q be given. 
We have to compute c(Q^p*^"'^) . The classifying map of Q is given by / = (Hi fi) ° , where 
fi : M ^ BIr. (mj) are the classifying maps of the factors Qi of Q. The classifying map of 
QSp(n) ig B J o where j : H Sp(n) denotes the natural embedding. Hence 

c(g^P('^))=r(Bjrc(Sp(n)). 

We decompose j as 

Sp(mi) — > Sp(n) , 

where jk^.h : iKilw-i) — > Sp(mi) denotes the natural embedding as a subset. Argueing as in 
Subsection 15. II we arrive at 

c(QSp{n)) = (BjKi,H)*c(Sp(mi)))'' •••(/; (BjK.,H)*c(Sp(m,)))'\ (51) 

Since B jKj,H o fi is the classifying map of the extension Q^^^™''', ([5T]) can be written as 

c (qSpW^ ^ c(Q^P("^^y^ • • • c(qSp(™0)'=^ . (52) 

For = H one has Q^p^*"'^ = and hence c((5^''^'^'^) = c{Qi). The standard relations between 
characteristic classes listed in Proposition ID. 51 yield 

""^^ ^ \c(Qi)c(Q,) ]Ki = C. 
Combining this with ([52]l we arrive at 

Theorem 5.6. Let H = Ijj^^^ x • • -1^^^^ he a Howe subgroup of Sp{n) and let M be a closed 
simply connected 4-manifold. Let P be a principal S'p{n) -bundle over M and let Q be a principal 
H-bundle over M. Then Q is a reduction of P if and only if 

□ 

For explicit formulae for the powers appearing in (f53]l see Remark (5.41 Like in the case of 0(n)- 
bundles and SO(n)-bundles, the reduction equation is supplemented by the relations between 
the characteristic classes of 0-factors, see Remark 15.51 for details. 
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6 Holonomy-induced Howe subbundles 



According to our programme, next we have to specify the Howe subbundles which are holonomy- 
induced, i.e., generated by a connected subbundle. Over a simply connected manifold, this turns 
out to be a purely algebraic condition. 

Lemma 6.1. Let P be a principal G-hundle over M . If M is simply connected then a reduction 
of P to a Howe subgroup H of G is holonomy-induced if and only if H is generated by its identity 
connected component Hq. That is to say, H = Cq{Hq) or, alternatively, Cg{H) = Cg{Hq). 

Proof. Let H be given and let Q be a reduction of P to H. First, assume that H = Cq{Hq). 
Since M is simply connected, Q can be reduced to Hq. By assumption, Q is the Howe subbundle 
generated by the reduction. Since Hq is connected, the reduction is connecteclfl. Conversely, 
assume that Q is holonomy-induced. Let Qi be a connected subbundle generating Q as a Howe 
subbundle and let Hi be the structure group of Qi. Then H = Cq{Hi). We show that Hi 
is connected, hence Hi = Hq. For that purpose, it suffices to show that the fibers of Qi are 
connected. Thus, let qa,qb € Qi with common base point m € M. Since Qi is connected, 
there exists a path 7 from qa to The path 7 projects to a closed path in M based at m. 
Since M is simply connected, the projected path is homotopic to the constant path through m. 
Consequently, by the homotopy lifting property, there exists a map H : [0, 1] x [0, 1] Qi such 
that H{0, •) = 7 and H{1, •) is a path in the fiber of Qi over m. Then the three pieces H{-,0), 
H{1, •) and H{1 — •, 1) establish a path from Qa to qb inside this fiber. □ 

Thus, we have to determine the Howe subgroups satisfying 

H = CI{Hq) ^ Cg{H) = Cg{Hq) . (54) 

First, we will treat the cases G = 0(n) and G = Sp(n). 

Lemma 6.2. A Howe subgroup of a compact Lie group satisfies ([Ml) if and only if it does not 
contain another Howe subgroup of the same dimension. 

Proof. Let G be compact and let be a Howe subgroup. The subgroup C'q{Hq) is a Howe 
subgroup. Since Hq C C^(Fo) C H, it has the same dimension as H. Hence, if H does not 
contain another Howe subgroup of the same dimension, ([541) holds. Conversely, let K <Z H 
be another Howe subgroup of the same dimension. Since Kq and Hq are closed (i.e. compact 
without boundary) connected manifolds of the same dimension, invariance of domain (see [29j 
p. 217, Ex. 6.5]) implies that the embedding Kq C Hq is an open map. Thus Kq is an open and 
closed subset of Hq and hence there holds Kq = Hq. It follows Cq{Hq) = Cq{Kq) C K ^ H. 
□ 

Lemma 6.3. A Howe subgroup of 0{n) or Sp(n) contains another Howe subgroup of the same 
dimension if and only if it contains a factor 0(2) or a double factor 0(1) x 0(1). 

Proof. We give the argument for G = 0(n); the case of Sp(n) is completely analogous. Consider 
the operations producing direct predecessors in the set of Howe subgroups of 0(n), listed in 
Section 13.11 A given Howe subgroup H contains another Howe subgroup of the same dimension 
iff an operation can be applied to H which does not change the dimension. As noted in the proof 

®The implication under consideration holds without the assumption that M be simply connected; using this 
assumption simplifies the proof though. 
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of Lemma 13.41 the operations which do not change the dimension are inverse field restriction of 
a factor 0(2) and merging of a double factor 0(1) x 0(1). □ 



Lemmas I6.1H6.3I imply 

Theorem 6.4. A Howe subbundle of a principal 0(n)- or Sp{n)-bundle is holonomy-induced if 
and only if its structure group does not contain a factor O2 nor a double factor 0\ xO\. □ 

Next, we will treat the case of G = SO(n). Since in the case of odd n the argument is not simpler 
than in the case of even n and since the description of Howe subgroups of SO(n), n even, in 
terms of S-admissible Howe subgroups of 0(n) trivially applies to the case of odd n, too, we can 
treat both cases at once, always working with S-admissible Howe subgroups of 0(n). 

Lemma 6.5. Let H be an S-admissible Howe subgroup o/0(n). Then SH contains another Howe 
subgroup of SO(n) of the same dimension if and only if H contains another Howe subgroup of 
0{n) of the same dimension. 

Proof. If H does not contain another Howe subgroup of 0(n) of the same dimension, then H 
satisfies Co(n)(-f^) = Co{n){Ho) by Lemma [621 Since Hq C SH C H, there holds Co(n)(-f^o) 2 
Co(n)(S-f^) 2 Co(n)(-ff), hence Co(n)(-ffo) = Co(n)(S-?^). Intersecting with SO(n) and using 
{SH)o = Ho we obtain Cso{n){SH) = Cso(n) ((S-ff)o) • 

Conversely, assume that H contains another Howe subgroup K of 0(n) of the same dimension. 
Then SK C SH. Since intersection with SO(n) does not change the dimension, SK has the 
same dimension as SH. It remains to show that SK is a Howe subgroup of SO(n) and that it is 
distinct from SH. For that purpose, it suffices to show that K is S-admissible. We may assume 
that is a direct predecessor of H and thus is obtained from H by inverse field restriction of a 
factor O2 or by merging a double factor Of x 0[. We check that neither of these two operations 
produces a factor that causes K or Co(n)(-f^) to belong to cases (A) or (B) of Lemma \3M For 
inverse field restriction of a factor O2 this is obvious, as it produces a factor U^^. Merging a 
double factor O^^ x O'^ produces the factor O^^'. This cannot make K belong to case (A) nor 
Co(ra)(i^) to case (B) but it might make K belong to case (B) or Co(n)(-^) to case (A). If K 
belongs to case (B), k + I is odd, hence exactly one of the two factors that are merged has odd 
multiplicity. Moreover, among the remaining factors of K there must be a single 0(l)-factor 
of odd multiplicity and no further 0-factor of odd multiplicity. Since all the remaining factors 
are also present in H, H belongs to case (B) itself (contradiction). If Co(„)(-f^) belongs to case 
(A), there holds k + I = 2, hence k = I = 1, and K has no further 0-factor of odd rank. Then 
Co(n)(-f^) belongs to case (B), which is a contradiction, too. □ 

Lemmas I6.1H6.3I and 16.51 imply 

Theorem 6.6. A Howe subbundle Q of a principal SO{n)-bundle is holonomy-induced if and 
only if the Howe subgroup o/0(n) generated by the structure group ofQ does not contain a factor 
O2 nor a double factor O^ x O'^. □ 

When n is even, the conditions given in the theorem supersede conditions (A) and (B) of Lemma 
13.41 Hence, in this case we arrive at the following characterization. The holonomy-induced Howe 
subbundles of a principal SO(n)-bundle, n even, are given by the reductions to the subgroups 
SH, where H is a Howe subgroup of 0(n) which does not belong to one of the following cases: 

- H contains a factor O2, 

- H contains a double factor x 0[, 
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- H contains a factor with m odd and no further 0-factor of odd rank, 

- H contains a double factor x O;^ with k and I odd and no further 0-factor of odd rank. 

For illustration, Figures H] and show the Hasse diagrams of the sets of conjugacy classes of 
Howe subgroups satisfying ((5^ for some low-dimensional classical compact Lie groups. These 
are the structure groups of holonomy-induced Howe subbundles in the respective situations. The 
diagrams can be extracted from the Hasse diagrams in Figures [H [2] and [3] by removing vertices 
which correspond to Howe subgroups containing a factor O2 or a double factor 0\ x O'^. 

7 Factorization by the action of the structure group 

Let P be a principal bundle with structure group G = 0(n), SO(n) or Sp(n). In the last step 
of our program we have to factorize the set of isomorphism classes of holonomy-induced Howe 
subbundles of P by the action of the structure group G on subbundles. Since above we have 
already restricted attention to Howe subbundles of standard form, all we have to do now is to 
analyze which of these Howe subbundles of standard form are conjugate under the action of the 
structure group. Thus, below we will assume that we are given a reduction Q of P to some Howe 
subgroup of G of standard form and determine which bundles arise from Q by transformation 
with d ^ G such that dHd~^ is of standard form again. 

7.1 Structure groups 0(n) and Sp(n) 

First, consider G = 0(n) and Sp(n). Up to isomorphy, Howe subbundles of P of standard form 
are characterized by r-tuples 

{{Ki,mi,ki,ai), . . . , (Kr , nir , kr , Ur)) (55) 

where 

- r is a positive integer, 

- iRimi X • • • X Vm, is a Howc subgroup of G, 

- Ui are characteristic classes of lKi(mj)-bundles over M, satisfying the respective reduction 
equations derived in Section [5l That is, = w,p,[e] for 0-factors and Ui = c for U- and 
Sp-f actors. 

To derive how the structure group acts on these data we also have to consider the connected 
components of Howe subbundles of standard form. These are characterized analogously by the 
data dSSl), where now Ui are characteristic classes of lKi(?Tij)o-bundles over M. I.e., Ui = w.,p.,e 
for SO-factors and = c for U- and Sp-factors. 

We define the flip to be the following operation on factors. For an SO-factor, multiply the Euler 
class e by —1. For a U-factor, multiply the first Chern class ci by —1, i.e., replace c by c. For 
0-factors and Sp-factors, the flip is not defined. 

Theorem 7.1. Let P he a principal bundle with structure group G = 0{n) or Sp(n) over a 
closed simply connected manifold of dimension 4. Two Howe subbundles of P of standard form 
are conjugate under the action of the structure group if and only if they can be transformed into 
one another by a permutation of factors and by flips. 

Proof. First, let G = 0{n). Let there be given a Howe subbundle of P of standard form and 
let H denote the corresponding Howe subgroup. Let d € 0(n) such that dHd~^ is of standard 
form again. We have to find out how d acts on the data of a connected component Qo of Q 
and derive from that how it acts on the data of Q. Since dHd^^ is of standard form, we can 
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Figure 4: Hasse diagrams of the sets of conjugacy classes of Howe subgroups which are generated 
by their identity connected components for 0(n), n = 2, . . . , 6 and SO(n), n = 3, . . . , 6. For the 
notation, see Figure [H 
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Figure 5: Hasse diagrams of the sets of conjugacy classes of Howe subgroups which are generated 
by their identity connected components for G = Sp(l) and Sp(2). For the notation, see Figure 
[H For identifications due to Sp(l) = SU(2), see Figure [2l 

decompose d = did2dz, where di is a pure permutation of factors, d2 G Co(n)(-f^) and d^ leaves 
invariant each factor separately. The action of di on Q is by the corresponding permutation 
of factors. The action of d2 is trivial. The group element d^ can be further decomposed as 
= ^31 © • • • © dsr with G ^o{Sim,iki) ( Ir^ mi ) ' Each d'ii defines an automorphism ipi of the 
identity connected component l^^{'mi)Q of l-^^lmi). According to Lemma up to a redefinition 
of ^2 we may assume that d^i = flj © • • • © a, (fcj times) for some G No(5.m,i) ( rn^ ) ■ Then ipi is 
induced from the action of Oj on the subgroup (l^ ^ )q of 0(5jmj) by conjugation. We have to 
determine how (B(/9j)* maps the characteristic classes of lKi(m-i)o- If is inner, (B(/?j)*Qj = a^, 
because lKi("^i)o is arcwise connected. In the following situations, (pi is outer, cf. Lemma fS-lOl 

- Kj = M, mi even, detoj = —1. Here {B ip,i)*w{SO{mi)) = w{SO{ini)), (B (/9j)*p(S0(mj)) = 
p(SO(mi)) and (B ^i)*e(SO(mi)) = -e(SO(mi)). 

- Ki = C, ai = lmi,mi- Here (B (^i)*c(U(mj)) = c(U(mi)). 

In either case, (Bipi)* induces a fiip of the factor under consideration. Conversely, since a flip of 
an SO-factor of odd rank is trivial, any flip of Qo can be generated in this way. Finally, when 
passing to Q, flips of SO-factors cancel whereas flips of U-factors persist. 

For G = Sp(n), the proof is analogous. Here, the automorphisms ipi are induced by the action 
of dsi G Ngp(m./j.)(ljj, ^, ) on the subgroup Ijj^^^ of Sp{miki). A case by case inspection of the 
outer automorphisms of 0(m), U(m) and Sp(m) shows that here the are outer in the following 
situations: 

- Kj = M, nii even, = aj © • • • © [ki times) with Oj G 0(mj) such that detoj = —1; 

- Kj = C, dsi = jlmifc,; here j denotes the second quaternionic unit. 

The action of (Bipi)* on the characteristic classes is the same as for G = 0(n). Hence, the 
assertion. □ 



7.2 Structure group SO(n) 

Let P be a principal SO(n)-bundle. As before, we will more generally consider reductions to 
subgroups of type [Si/^], see (fTSl) and the comment after this formula. Such reductions will be 
referred to as reductions of type [Si?^]. Isomorphy classes of such reductions are characterized 
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by the data (f55]l for Howe subbundles of together with a compatible value of the invariant 

a. Like in the case of G = 0(n), to prove the result for the reductions of type [S-ff^] we 
have to consider their connected components, i.e., the reductions of P to the identity connected 
components of Howe subgroups of 0(n). These are characterized by the same data as for G = 
0(n) where now the reduction equations are those of the SO(n)-bundle P. 
To formulate the result we need some more terminology. SO-factors of odd multiplicity, 0-factors 
of odd multiplicity and U-factors of odd rank and odd multiplicity will be called signed factors. 
All other factors are called unsigned. A flip is called signed or unsigned according to the factor 
it is applied to. An SO-factor or a U-factor is called stable if it does not change under a flip, i.e., 
if for its characteristic class (es) there holds — e = e or c = c, respectively. Otherwise, it is called 
unstable. An 0-factors is called stable (unstable) if it arises from a stable (unstable) SO-factor 
by extension. This definition makes sense, because the SO-factor in question is determined by the 
given 0-factor up to the sign of the Euler class. Note that to be signed is an algebraic property, 
depending on the structure group of the bundle reduction under consideration, whereas to be 
stable is a topological property, depending on the bundle reduction itself. Finally, if a can take 
the value —1, there exists an unstable signed 0-factor. In this case, we define the flip of a as 
the passage to —a. We assume this flip to be signed. Thus, unsigned flips involve flips of factors 
only, whereas signed flips involve flips of factors and of o", provided the latter is defined. 

Theorem 7.2. Let P be a principal bundle with structure group G = SO(n) over a closed simply 
connected manifold of dimension 4. Two bundle reductions of P of type [SH^] are conjugate 
under the action of the structure group if and only if they can be transformed into one another 
by a permutation of factors and by the following operations: 

- If there exists a signed stable factor or an 0-factor of odd rank, any flip. 

- Otherwise, unsigned flips and pairs of signed flips. 

Proof. First, we consider bundle reductions of type [Si?+]. Let H he a Howe subgroup of 0(n) 
and let Q be a reduction of P to the subgroup SH'^. Let d € SO(n) such that d{SH^)d~^ is of 
standard form, i.e., equal to SK~^ for some Howe subgroup K of 0(n) of standard form. We have 
to determine how d acts on a connected component Qo of Q and derive from that how it acts on 
and on a. We start with some preliminary considerations. The structure group of Qo is ^^o- 
If d{SH^)d^^ is of standard form then so is its identity connected component dHod~^. A similar 
argument as in the proof of Theorem 17. II shows that then d can be decomposed as did2d3, where 
di is a pure permutation of the factors of Hq (equivalently, those of H), d2 £ Co(n)(-f^o) and 

d3 = (aie - • eai) e • • • © (or© ear) , 

with Oi G No(5,„,)((Ik^^^)o) =No(5,m,)(lK,mJ- Smce d G SO(n), 

(detdi)(det(i2)(detai)'=i •■■(deta^)'''- = 1. (56) 

The only effect of d2 is that it might compensate for a sign stemming from di or the aj. We 
claim that for this purpose it is sufficient that d2 G Co(n)(-f^)- Indeed, since Co(n)(^^o) is a 
Howe subgroup, it contains an element of negative determinant if and only if it has an 0-factor 
of odd multiplicity. Then the double centralizer K = Cq^^^{Hq) contains an 0-factor of odd 
rank. Since Hq K C H, K has the same dimension as H. It is therefore obtained from H by 
inverse field restriction of a factor O2 to the factor or by merging a double factor O^ x O^^ 
to the factor O^^^'^^. In both cases, H has at least the same number of 0-factors of odd rank 
as hence Co(n)(-f^) has an 0-factor of odd multiplicity and therefore contains an element of 
negative determinant. 
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It follows that we may restrict attention to elements d of SO(n) for which d2 £ Co(n)(-f^)- For 
such elements, dHd~^ is of standard form. If, conversely, dHd^^ is of standard form then so is 
d{SH~^)d~^ . This shows that the operations which apply to reductions of P to Hq are given by 
those operations on reductions of to Hq which can be implemented by d G SO(n). We 

take the latter operations from the proof of Theorem 17. II and determine what signs they require. 
Like there, let denote the automorphism of I]^^{mi) induced by a,. We check: 

- The determinant of di is given by the sign of the corresponding permutation of the standard 
basis in M". If it is negative then H contains an 0-factor of odd rank and odd multiplicity. 

- The flips of signed factors of Qo produce a sign in (f56ll : indeed, since the multiplicity is odd, it 
suffices to consider detoj. To induce a flip for the case of SO-factors of even rank and U-factors 
of odd rank, ipi must be outer. Then Lemma [3.101 yields detaj = —1. The case of SO-factors 
of odd rank is degenerate in that the flip is trivial here. Nevertheless we may choose Cj so that 
detoj = — 1 and assume that (pi generates this (trivial) flip. 

- The flips of unsigned factors of Qq do not produce a sign in ([56]) : here either the multiplicity 
is even, in which case the assertion is obvious, or the factor is a U-factor of even rank, in which 
case the assertion follows from Lemma 13.101 

Now we can prove Theorem 17.21 If has an 0-factor of odd rank, Co(n) (H) has an 0-factor 
of odd multiplicity. Then Co(n) (H) contains an element of negative determinant so that we may 
choose the sign of d2 appropriately to compensate for any sign produced by di or the in ([56]l . 
It follows that in this case, any permutation and any flip can be applied to Qo and hence to 
and to a. If does not have an 0-factor of odd rank, detdi = 1. In addition, Co(n)(-f^) 
does not have an 0-factor of odd multiplicity, hence detd2 = 1. Hence, while permutations and 
unsigned flips of Qq can be applied arbitrarily, signed flips have to be paired. Since the properties 
of factors of Qo to be signed or unsigned and stable or unstable carry over to the corresponding 
factors of , signed/unsigned flips of U-factors of Qo translate into signed/unsigned flips of 
factors of , flips of signed unstable SO-factors translate into flips of a and flips of unsigned 
SO-factors cancel. This proves the assertion for the case where does not possess a stable 
signed 0-factor. If, on the other hand, has a stable signed factor then Qo has a stable signed 
factor. By pairing any signed flip with the flip of this factor we see that in effect any flip can be 
applied to Qo and hence to and to a. 

Finally, consider a bundle reduction Q of type [S-ff~] of P. Let d £ SO(n) such that d{SH^)d^^ 
is of standard form, i.e., equal to SK~ for some Howe subgroup K of 0(n) of standard form. 
Let a(„) be the element of 0(n) chosen to define SH~ and put d = a(„)da^^j. Let Q be obtained 

by transforming Q by a(„) inside Q^(") and let P be obtained by transforming P by a(„) inside 
Then Q is a bundle reduction of type [Sif"^] of P and d{SH )d ^ is of standard form 
iff d{SH^)d^^ is of standard form. Thus, any operation applicable to bundle reductions of type 
[Sif^] applies to Q and hence to Q, by definition of the classifying data of Q. □ 



8 Summary: Classification of orbit types 

We summarize the classification of orbit types obtained in this paper. For the sake of complete- 
ness, we include the results for U(n) and SU(n) derived in [34] . 

Let M be a closed, simply connecteqll manifold of dimension 4 and let P be a principal G-bundle 
over M , with G being a classical compact Lie group. Orbit types of the action of the group of 

The assumption that M be simply connected can be dropped in case G = U(n) or SU(n). For the other groups, 
it can be weakend to J/^(M, Z2) — 0, see Remark [4.11 In any case, the results hold as well for dim(M) — 2,3. 
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vertical automorphisms of P on the afRne space of connections are 1:1 with isomorphism classes 
of holonomy-induced Howe subbundles of P, factorized by the action of the structure group. 
In the following, r,mi,ki denote positive integers and p, e and c denote the Stiefel- Whitney, 
Pontryagin, Euler and Chern classes, respectively. Let p{Qi) = '^k(~^)''Pk{Qi) ^^'^ c{Qi) = 
Y.k{-'^fck{Qi) and let p2 : H*{M,Z) H*{M,Z2) be induced by reduction mod 2. 

Isomorphism classes of Howe subbundles of P 

G = U(n): The classes are labelled by 

((mi, ki,c{Qi)), {rrir, kr,c{Qr))) , (57) 
where Qi are principal U(mj)-bundles over M. These data are subject to the relations 

= Ya=i ' (58) 
c{P) = ciQi)''' ...c{Qr)'^ . (59) 

G = SU(n): The classes are labelled by the data ([571) and a characteristic class ^ € H^{M,Zg) 
for Zg-bundles, where g is the greatest common divisor of the ki. These data are subject to the 
relations (EHl), ^ and 

where /3 : H^{M,Zg) — > f/'^(M, Z) is the connecting (Bockstein) homomorphism associated with 
the sequence of coefficient groups O^Z^Z^Z^^O. 

G = Sp(n): The classes are labeled by r-tuples 

((Ki, mi, ki, ai), . . . , (IC^, m.^, kr, a^)) > (60) 

where = M, C or EI and are characteristic classes of principal bundles Qi over M with 
structure group 0(mj) for Kj = R, U(mj) for Kj = C and Sp(mj) for Ki = M. In detail, 
cti = {w{Qi),p{Qi), [e]{Qi)} for = M and Ui = c{Qi) for Kj = C or H. Here [e]((5o) is defined 
as the equivalence class {ibe(Qio)}; where Qjo is a reduction of Qi to SO(mi). These data are 
subject to the relation ([58]) and 

c(p) = nK.=R pm^^' ■ nK,=c ^m'- mf- ■ \[K^=m <^m^' ■ m 

G = 0(n): The classes are labeled by the data (f60l) . subject to the relations 

n = ^[^-^ (dimRKj) A;jmj , (62) 
w{P) = Dm ^(Q*)''-nK,=c,e P2(c(Q.))'N (63) 
P{P) = Dm P(Q,)'^-niK,=c,e c(QO'"c(gi)'=-, (64) 

[em = Dm [e](Qi)''-nK,=c [cm,(g.)]''-nK.=H [c2™,(Qi)]'^ . m 

For Kj = M, the classes Ui are in addition subject to the relations valid for the characteristic 
classes of 0(mj) -bundles, see Corollary 14.181 and the discussion after Equation (f38l) . 

G = SO(n): The classes are labelled by those of the data ([BO]) which satisfy 

1. if there is i with = M, mj = 2 and ki odd there is also j ^ i with Kj = M and kj odd, 

2. if there are i / i with = = M, m^ = rrij = 1 and ki, kj odd there is also k ^ i,j with 
Kfc = R and kk odd. 
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3. Conditions 1 and 2 with m and k exchanged. 

Moreover, the following additional data occur. If there does not exist i with = R and rrii odd 
or ki odd, or with Kj = C and mj, ki odd, the Howe subgroup H of 0(n) defined by the data 
([60ll gives rise to two distinct conjugacy classes of Howe subgroups of SO(n), see Proposition 
13. 8[ These two classes are distinguished by a sign ±. If furthermore there exists i with K.j = M, 
ki odd and 2e{Qio) for some reduction QiQ of Qi to SO(mi), the two reductions to the 
subgroup SO(n) (IH of the principal bundle with structure group H defined by the data ([60]) are 
nonisomorphic. They are distinguished by a further sign a = ±1. All of these data are subject 
to the relations (l62])-(l64l) and 

where e°{Qi) are representatives for the equivalence classes [e]((5i). As for 0(n), in case Ki = M, 
the characteristic classes are subject to the relations listed in Theorem 14.161 

Holonomy-induced Howe subbundles For G = U(n) or SU(n), all Howe subbundles are 
holonomy-induced. For G = 0(n), SO(n), or Sp(n), a Howe subbundle is holonomy-induced 
if in the data (|60p there is neither an i with = M and mj = 2 nor an i and a j ^ i with 
Kj = Kj = R and = mj = 1. 

Factorization by the action of the structure group on bundle reductions The struc- 
ture group acts on the data ([601) and (fSTll by permuting the members (IKj, mj, fcj, aj) and 
{mi,ki,c{Qi)), respectively. For G = Sp(n), 0(n) and 0(n), the structure group acts in ad- 
dition on the characteristic classes of the factors Qi. For G = Sp(n) and 0(n) this action is 
given by c{Qi) i— c{Qi). For SO{n), we refer to Theorem 17.21 

9 Examples 

To illustrate the above results, we will determine the Howe subbundles of principal bundles with 
structure groups G = 0(4), S0(4), Sp(l) and Sp(2). We will start with Sp(l) and Sp(2), because 
there is only one equation to be studied here. To be definite, we restrict attention to the base 
manifolds M = x and CP^. Let us recall the ring structure of H*{M,Z) and H*{M,Z2). 
Let ( denote the generator of H'^{S'^,Z) and let 7 denote the generator of ff^(CP^,Z). Then 





M = S2 X S2 


M = CP2 
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generated by 
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We use the following parameterization of characteristic classes of factors Qi. For U- and Sp- 
factors, 

ciiQi)=Xi'y, C2{Qi)=Zi^'^ 

in case M = CP^ and 

ciiQi) = XiC X 1 + yil X C , C2{Qi) = ZiQxC 



42 



in case M = x S^, where Xi,yi,Zi are integers. The only 0-factors we will come about have 
structure group 0(2) or 0(3). In case of an 0(2)-factor, W2{Qi) and pi{Qi) can be expressed in 
terms of [e]((5i), see Theorem 14.161 and Corollary 14.181 Writing, respectively, 

[e\{Qi) = fi b] , [e]{Qi) = C X 1 + 5i 1 X C] 
with integers fi,gi G we obtain 

W2{Qi) = fiP2l, PliQi) = fil^ 

for M = CP2 and 

W2{Qi) = /i /92C X 1 + 5i 1 X P2C , PliQi) = '^fi9i C X C 

for M = X S^. The integers fi, gi are determined uniquely if we require /j > or (/j, gi) > (0, 0) 
(lexicographic ordering), respectively. In case of an 0(3)-factor, we write 

W2iQi) = Si P2^ , PliQi) = aij'^ 

in case M = CP^ and 

W2iQi) = SiP2C X 1 + 1 X P2C, PliQi) = OiC X C 

in case M = x S^, where Si,ti,ai € Z. The parameters Si,ti are uniquely determined if we 
require Si,ti = 0,1. 

Finally, let us note the following. With the exception of S0(2), the center of 0(n), SO(n) 
or Sp(n) (corresponding to the Howe subgroup O") is finite. Due to the assumption that M 
be simply connected, reductions to the center are therefore necessarily trivial and hence occur 
exactly when P is trivial. They will not be mentioned below. 

9.1 Sp(l) and Sp(2) 

The reduction equation is given by ((531) . We parameterize the characteristic class of P by an 
integer Z, i.e., C2(P) = ^7^ for CP^ and C2(P) = x C for x S^. According to TheoremCH 
reductions have to be identified iff they can be transformed into one another by flips of U-factors 
and permutations. To factorize by flips we require Xi > or ixi,y.j) > (0,0) (lexicographic 
ordering), respectively, for any U- factor. To factorize by permutations we fix an order of the 
factors Hi for each conjugacy class of Howe subgroups H and require that the parameters of 
identical factors (same field, rank and multiplicity) increase w.r.t. lexicographic ordering. In 
detail, for i < j we require 

- fi< fj or ifi,gi) < ifj,gj), respectively, whenever Hi = Hj = O2, 

- {ai,Si) < iaj,Sj) or iai,Si,ti) < {aj,Sj,tj), respectively, whenever Hi = Hj = O3; here the 
restriction on Si, Sj, U, tj to take the values and 1 only is understood, 

- ixi,Zi) < ixj,Zj) or {xi,yi,Zi) < ixj,yj,Zj), respectively, whenever Hi = Hj = U^, 

- Zi < Zj whenever Hi = Hj = Sp,^. 

Now consider G = Sp(l). The only nontrivial Howe subgroup is U^. It is holonomy-induced. 
Parameters are x G Z for M = CP^ and x, y G Z for M = x S^. The reduction equation ((53]) 
reads c{P) = ciQ)ciQ). In terms of parameters, this amounts to 

Z = —x^ or Z = —2xy , 
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respectively. In case M = CP^, a solution x exists iff —Z is a square. Due to < x, the solution is 
unique. In case M = x S^, solutions exist iff Z is even. Under the condition (0, 0) < (x, y) the 

solutions are parameterized as follows. If Z 7^ 0, x = ei, • • • , e^, where ei are the (nonnegative) 

\z\ 

divisors of If Z = 0, one has x = y = and the two families of solutions x > 0, y = and 
X = 0, y > 0. Thus, over CP^ the number of orbit types with stabilizer isomorphic to U(l) can 
be or 1, whereas over x it can be any nonnegative integer or countably infinite. 

Remark 9.1. By virtue of the isomorphism ipM,c '■ Sp(l) — > SU(2), \j\ is mapped to the 
subgroup of diagonal matrices in SU(2). The above result is consistent with what is known 
about reductions of SU(2)-bundles to this subgroup. 

Now consider G = Sp(2). Equations will be given in terms of parameters only. First, we discuss 
holonomy-induced Howe subbundles, see Figure [5l 

Uf : In case M = CP^, Z = — 2x^; in case M = x S^, Z = — 4xy. The discussion is analogous 
to the case of the Howe subgroup \j\ of Sp(l). 

0} X U^: In case M = CP^, Z = -x^. In case M = x S^, Z = -2xy. The parameters x 
and y belong to the U-factor. In both cases, the discussion is analogous to the case of the Howe 
subgroup U} of Sp(l). 

0}xSp^ In both cases, the equation is Z = z, where z belongs to the Sp-factors. Hence, there 
exists a unique reduction for any P. 

Spf: In both cases, the equation is Z = 2z. There exists a reduction iff Z is even and the 
reduction is unique. 

SpixSpJ: In both cases, the equation is Z = zi + 2:2. Reductions exist for any P. They can be 
parameterized by zi € Z. 

UjxUj: In case M = CP^, Z = —{xf + x^). There is no reduction for Z > and a unique 
reduction xi = X2 = for Z = 0. For Z < 0, there is the classical result that for given integer 
n the number of solutions of the equation + 6^ = n satisfying a > and 6 > is given 
by N(n) = ^^d^nXid), where the sum runs over the divisors of n and x denotes the nontrivial 
Dirichlet character modulo 4, defined by xid) = 1 if d = 1 mod 4, x{d) = — 1 if d = 3 mod 4 
and xid) = if d is even [2lj. First, it follows that reductions exist if and only if those of the 
prime factors p of — Z which satisfy p = 3 mod 4 appear with even powers. That this condition 
is sufficient for the existence of reductions can also be deduced directly from Fermat's theorem on 
sums of two squares and the Brahmagupta-Fibonacci identity. Second, it follows that the number 
of reductions, i.e., solutions satisfying < xi < X2, is if — Z is a square or double a 

square and otherwise. For example, for small n we have N{—Z) = for — Z = 3,6, 

N{-Z) = 1 for -Z = 1,2,4,8,9 and N{-Z) = 2 for -Z = 5,10; yet the reduction is unique 
also in the last two cases. On the other hand, it is easy to see that both N{—Z) and the number 
of reductions can take any nonnegative integer value. 

In case M = x S^, Z = — 2(xiyi + X2y2)- Reductions exist iff Z is even. They may be 
enumerated by choosing (xi,yi) > (0,0) arbitrarily and letting (x2,y2) run through the solutions 
of X2y2 = — xiyi which satisfy (x2,y2) > (xi,yi) (for certain values of (xi,yi) there may be 
no such solutions). 

\]\ x Sp^: In case M = CP^, Z = z - x^. In case M = x S^, Z = z - 2xy. Here x and 
y belong to the U-factor and z belongs to the Sp-factor. Reductions exist for all P. They are 
parameterized by x > in case M = CP^ and (x, y) > in case M = x S^. 
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In case M = CP^, Z = 2z — . Reductions always exist. They are parameterized by a; = 2/ 
if Z is even and x = 2/ + 1 if Z is odd, where / = 0, 1, 2, . . . . In case M = x S^, Z = 2(z — xy). 
Reductions exist iff Z is even. They are parameterized by (x, y) > (0, 0) then. 

Out of the Howe subgroups whose reductions are not holonomy-induced, there is only one which 
does not consist exclusively of 0(l)-factors: 

O2: Here the abstract reduction equation is c{P) = p{QY . Using the relation pi{Q) = [e](<3)^, 
see Theorem 14.161 and Corollary 14.181 we obtain C2(P) = -2[e]{Qf . In case M = CP^, this 
equation becomes Z = -2p with / > 0. In case M = x S^, Z = -Afg with {f,g) > (0,0). 
The discussion of these equations is analogous to the case of the Howe subgroup \j\ of Sp(l). 

9.2 0(4) 

We parameterize the characteristic classes of P by 

W2iP) = Sp27, Pi{P) = A-f^ , [e](P) = F[72] (67) 

for M = CP2 and by 

^2(P) = 5p2Cxl + rix/52C, pi(P)=^CxC, [e](P) =F[CxC] (68) 

for M = X S^, where A,F,S,T are integers. S,T,F are determined uniquely under the 
conditions S,T = 0, 1 and F > 0. These conditions will be assumed to hold below. The 
characteristic classes of P are subject to a single relation which arises from the relation 1^4 (P) = 
P2[e]{P) of Theorem 14.161 by replacing Wi{P) by means of the fundamental relation, see ([38]) . 
Using ([87|) we find that in terms of the parameters, this relation reads, respectively, 

A-S'^ -2F = mod 4 , A- 2ST - 2F = mod 4 . (69) 

In particular, in case M = x S^, ^ must be even. To obtain unique representatives under 
the action of the structure group, see Theorem 17.11 the same conditions on the parameters as 
for the structure groups Sp(l) and Sp(2) above have to be imposed. The reduction equations 
are given by ([^61) . ([TtII . (H9]1 . We discuss them in terms of the parameters, starting with the 
holonomy-induced reductions. The equation for Wi{P) needs not be considered, because it is 
automatically satisfied if the equation for [e](P) holds. 

Uf : In case M = CP^, 5 = mod 2, A = 2x^ , F = ±x'^ . Reductions exist iff 5 = mod 2, 
A = 2F and F is a square. Under the condition rc > 0, they are unique. In case M = x S^, 
5 = T = 0, ^ = Axy and F = ±.2xy. Reductions exist iff S* = T = and A = ±.2F. Under the 
condition (x,y) > (0,0), they are parameterized as follows. If F 7^ 0, (x,y) = (e,±^), where e 
runs through the (nonnegative) divisors of F. If F = 0, one has x = y = Q and the two families 
of solutions X > 0, ?/ = and x = 0, y > 0. 

OfxUi: In case M = CP^, S = x mod 2, A = x^ and F = where the parameter x refers to 
the U-factor. A reduction exists iff F = and ^ is a square. Due to x > 0, it is unique. Since 
the mod 4 reduction of a square is if the square is even and 1 if the square is odd, the equation 
for S is automatically satisfied due to (f69]) . 

In case M = x S^, 5" = x mod 2, T = y mod 2, A = 2xy and F = 0. Reductions exist iff 
F = and (5 = 1 or T = 1 or A is divisible by 8). If A = 0, ([MI) implies 5 = or T = 0. 
Accordingly, reductions are parameterized by x = 0, y = 2/ + T or y = 0, x = 2/ + 5*, / > 0. 
If ^ 7^ 0, reductions are parameterized as follows. If 5 = T = 0, ^ must be divisible by 8 and 
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X = 2ei, . . . , 2^5, where ei are the divisors of ^. If 5 = 1, T = 0, x runs through the odd divisors 
of ^. Similarly for y in case 5 = 0, r=l. IfS' = T = l,x runs through the divisors of ^. 

O} X O3: In case M = CP^, S = s mod 2, A = a, F = where the parameters refer to 
the 0(3)-factor. Together with (f69l) . these equations imply a — = mod 4, which is the 
fundamental relation for the 0(3)-bundle parameterized by o and s. Hence, reductions exist iff 
F = and are unique then. In case M = x S^, the above equations hold, together with T = t 
mod 2. The result is analogous. 

Sp}: Here, A = 2z, F = ±2, 5' = 0or5 = T = 0, respectively. Reductions exist iff S" = or 
S* = T = 0, respectively, and A = ±.2F . They are unique. 

U2: In case M = CP^ S = x mod 2, A = x"^ - 2z, F = ±z. Reductions exist iff ^ - 2F or 
A + 2F is a square. They are unique in each of these two cases. (That means in particular, if 
both A — 2F OY A + 2F are squares and F / there exist exactly 2 solutions.) By the same 
argument as in the discussion of the Howe subgroup Of x Uj, ([69]) implies that the equation for 
S is automatically satisfied. 

In case M = x S^, 5 = a; mod 2, T = y mod 2, A = 2{xy - z), F = ±z. The last and the 
third equation yield xy = ^ ± F. Hence, in case F ^ 0, potentially there are two families of 
reductions, corresponding to the two signs. For each of these families, the discussion is analogus 
to the case of reductions to the Howe subgroup Of x \j\ above, with A replaced by ^ ± 2F. 

UjxU}: IncaseM = Cp2, 

S = {xi + X2) mod 2, A = xl + xl, F = X1X2 ■ (70) 

We have omitted the equation F = —X1X2, because it does not have a solution due to the 
requirement < xi < X2. Define x± := X2 ± xi. Then ([70]) translates into 

S = x+ mod 2, A + 2F = xl, A - 2F = xl_ (71) 

and the requirement < xi < X2 translates into the requirement < x_ < x+. Systems ((70]) 
and ([7T]l are equivalent: the only thing to be checked is that if x± is a solution of ([7T]) then 
xi = and X2 = ^+~^^- are integers. Since x\ and x^_ differ by 4F, this is obvious. Thus, 

a reduction exists iff ^ = 5 mod 2 and A it 2F are both squares. If it exists, it is unique. 
In case M = x S^, 

S = {xi + X2) mod 2 , T = {yi + 7/2) mod 2 , 

A = 2(xiyi + X22/2) , F = ±{xiy2 + X2yi) (72) 

Define x± := X2 ± xi and y± := 2/2 i yi- Then ([72]) translates into 

S = X-^- = X- mod 2 , T = yj^ = y^ mod 2 , 

4 + F = x+y+, ^-F = x-y^ or 4+F = x_y_, 4 - F = (73) 

(recall that A is now even due to the relation ([69]) ; moreover we have added the obvious equations 
S = X- mod 2 and T = y^ mod 2). The requirement (0,0) < (xi,yi) < (3:2,1/2) translates 
into the requirement (0,0) < (x_,y_) < (x+,y+). It is straightforward to check that systems 
([72]) and ([731) are equivalent. We discuss the solutions of the latter system. 
- If 5 = T = 1, the relation ([69]) implies that ^ ^ F is odd. Hence, reductions always 
exist. They are parameterized by arbitrary combinations of decompositions ^ + F = a+6+ 
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and 4 ~ ~ a_6_ with (a±,&±) > (0,0). Then (x+,y+) = max{(a_|_, 6+), (a_, and 
{x-,y-) = min{(a+,5+), (a_,6_)} 

- IfS' = l,T = 0, the relation ([691) imphes that ^ ± F is even. Therefore, again, reductions 
always exist. They are parameterized in the same way as in the case S = T = 1, with the 
additional condition that a± has to be odd. 

- The case 5 = and T = 1 is similar. Instead of a±, b± has to be odd. 

- If 5 = T = 0, the relation §9ii yields that 4±F is even. For reductions to exist, however, both 

and ^—F have to be divisible by 4. In this case, reductions are parameterized by arbitrary 
combinations of decompositions ^^-^^ = and ^-^^ = a-b- with (a±,6±) > (0,0). Then 

(x+,y+) = max{(2a+,26+),(2o_,26_)} and (x_,y_) = min{(2a+, 26+), (2a_, 26_)} 

Next, we discuss the reductions which are not holonomy-induced. 

O^: In case M = CP^, S = 0, A = 2f, F = ±f; in case M = S"^ x , S = T = 0, A = 4fg, 
F = ±2/g. The discussion is analogous to that for the Howe subgroup U2, with x,y replaced 
by /, fill- The present requirement / > or (/, g) > (0,0), respectively, which ensures that the 
parameters are uniquely determined corresponds to the requirement x > 01 {x,y) > (0,0), 
respectively, which singles out unique representatives for the classes of bundle reductions under 
the action of the structure group there. 

Ol X O^: In case M = CP^, S = (/1 + /2) mod 2,A = ff + f^, F = i/i/a; in case M = x S^, 
S = {fi + f2) mod 2, T = {gi + 92) mod 2, ^1 = 2{fm + /2<?2), F = ±{hg2 + /sSi)- The 
discussion is analogous to that for the Howe subgroup V\ x U|, with replaced by fi^gi- 

0\y.\]\: In case M = CP^, S = {f + x) mod 2, A = f + x'^, F = ±fx; in case M = x S^, 
S = {f + x) mod 2, T = {g + y) mod 2, A = 2{fg + xy), F = ±(/y + xg). Variables f,g refer 
to the 0-factor, variables x, y to the U-factor. The discussion is analogous to that for the Howe 
subgroup X Uj, with xi,yi replaced by f,g and X2,y2 replaced by x,y; the only difference is 
that here permutations do not appear, hence the variables f,g and x,y are independent from 
one another. 

X Oj: In case M = CP^, S = f mod 2, A = f, F = 0; in case M = x S^, 5 = / 
mod 2,T = g mod 2, A = 2fg, F = 0. The parameters refer to the last factor. The discussion 
is analogous to that for the Howe subgroup Of x U}, with x,y replaced by f,g. 

For X X \J\ and x x see Of x U}. 
9.3 S0(4) 

The characteristic classes W2{P) and pi{P) are parameterized as in jGTJ and ([68]l . The Euler 
class will be parameterized by e(P) = F'y'^ in case M = CP^ and by e{P) = F7 x 7 in case 
M = X S^. Here F can take any integer value. Again, the characteristic classes of P are 
subject to the single relation (f69]l . The reduction equations are given by ([46]l . M7\ and (fSOjl . In 
comparison with the case of structure group 0(4), the corresponding equations for the parameters 
A, 5 and T are the same, whereas the equation for F is modified as follows: 

- F can take any integer value, 

- The sign is either positive or negative, according to whether the Howe subgroup SH^ or SH~ 
is considered. Thus, solutions for positive sign belong to SH~^ and solutions for negative sign 

*In fact, [e]((3) here and ci{Q) there are related via the extension of the structure group to 0(2). This holds 
similarly for the other reductions which are not holonomy-induced. 
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belong to SH^ . If SH^ and SH~ are conjugate in S0(4), only the equation with the positive 
sign has to be taken into account. 

- The factor a is added. 

First, we discuss holonomy-induced Howe subbundles. Here, a = 1, because if G = S0(4) 
then a = —I requires an 0(2)-factor. The system of equations is therefore the same as for the 
corresponding subgroup of 0(4). We comment on how the discussion has to be modified and we 
derive the conditions on the parameters of the reductions which have to be imposed in order to 
obtain unique representatives w.r.t. the action of the structure group S0(4). Generally, F € Z 
and solutions for positive sign belong to SH^ and solutions for negative sign belong to SH~ . 

Vf^: In case M = CP^ the condition {A = 2F and F is a square) has to be replaced by 
{A = ±2F and ±F is a square). In particular, in the case of Uf necessarily F >0 whereas in 
the case of Uj-, F < 0. Since the factor ^ is unsigned, any flip is allowed. Hence, we have 
to require x > in case M = CP^ and (.x, y) > (0,0) in case M = X S^. This is the same 
condition as in the case of structure group O (4) . 

U]; X U}: Only the positive sign has to be discussed. In case M = CP^ this was so before for 
another reason. In case M = x this amounts to setting (x+, y+) = (a+, 5+) and (x_, y_) = 
(a_,6_). Since the factors of U\ x U} are both signed, flips can be applied in pairs only. We 
thus have to require {xi,X2) > (0,0) in case M = CP^ and ((xi, yi), (x2, 1/2)) > ((0, 0), (0, 0)) 
(lexicographic ordering) in case M = S^ x S^. We leave it to the reader to translate these 
conditions to {x±,y±). 

Spi±: The disc ;ussion of the reduction equations is modified in the standard way. The action 
of the structure group S0(4) is trivial. 

U2^: Again, the discussion of the reduction equations is modified in the standard way. Since 
the factor U2 is unsigned, it can be flipped. This leads to the same conditions on the parameters 
as in the case of 0(4). 

Next, we discuss Howe subbundles which are not holonomy-induced, omitting Howe subgroups 
consisting enirely of 0(l)-factors. To define the invariant cr, as unique representatives for the 
classes in Pif^(M, Z) we choose the elements of if^(M, Z) with nonnegative (w.r.t. lexicographic 
ordering) coefHcients w.r.t. the generators 7 and 7 x 1, 1 x 7, respectively. For an integer x, 
define sgn(x) = 1 if x > and sgn(a;) = —1 otherwise. For integers x, y define sgn(x,y) = 1 if 
{x,y) > (0,0) and sgD.{x,y) = —1 otherwise. 

0|^: Since the multiplicity is even, a — 1. Therefore, the reduction equations are the same as 
for 0(4) and the discussion is modified in the standard way. The action of the structure group 
S0(4) is trivial. 

O2 X O2: In the equation for F, a can be omitted if one allows fi and {fi,gi), respectively, to 
take arbitrary values. This amounts to seeking reductions to the identity connected component, 
which coincides with the Howe subgroup Uj x discussed above. For any reduction (xi,yi), 
{x2,y2) found there, we define: 

- in case M = CP^, a = sgn(xi) sgn(x2) and fi = sgn(xj)xj, z = 1, 2, 

- in case M = S^ xS^,a = sgn(a;i, j/i) sgn(x2, 1/2) and {fi,gi) = sgn{xi,yi){xi,yi), i = 1,2. 
This way, due to the conditions imposed on Xi and {xi, yi), respectively, each reduction to O2 x O2 
arises from exactly one reduction to U| x Uj;. For the same reason, the action of the structure 
group S0(4) is already factored out. For completeness, let us just state what this action amounts 
to. As operations there occur the interchange of factors and the flip of a. Since both factors 
of O^ x Ol are signed, flips have to be applied in pairs which means that a remains unchanged 
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unless one of the factors is stable and the other one is not. That is, /i = and /2 7^ or 
= (0)0) and (/2,ff2) / (0,0), respectively, or vice versa. 
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A Universal bundles 

We collect some basic facts about universal bundles and classifying spaces. For details, see e.g. 
dH §19] or [23]. 

For every Lie group G and every positive integer n there exists a principal G-bundle {EG)n — »■ 
(B G)n such that for every connected (n— l)-dimensional CVF-complex X, the assignment of the 
pull-back bundle /*(E G)n to a map / : X ^ (B G)„ induces a bijection from the set of homotopy 
classes of maps X {Yi G)n onto the set of isomorphism classes of principal G-bundles over X. 
The bundle (E G)„ is referred to as an n-universal bundle for G, (B G)n is referred to as an 
n-classifying space of G and the map / : X ^ (B G)n associated with a principal G-bundle P 
over X is referred to as an n-classifying map of P. Given a principal G-bundle E ^ B, this 
bundle is n-universal for G if and only if B is path connected and 

TTi{E)=0, l<i<n. (74) 

For the groups considered in this paper, n-universal bundles are constructed as follows. For 
K = M, C, H and positive integers A; < / let VJ^ denote the Stiefel manifold of orthonormal 
/c-frames in IfC' and let Gf^ denote the Grassmann manifold of /c- dimensional subspaces in K'. 
By mapping an orthonormal frame to the subspace it spans one obtains a principal bundle 
—>■ G^j^ with structure group Ik(^) (see Section [3] for this notation), known as the K-Stiefel 
bundle of A;-frames in dimension I. Since vr, (V;1) = for i < (dimK K) (/ - A: + 1) - 1, the Stiefel 
bundle in dimension Z = m -|- A; — 1 is n-universal for Ik(A;), where n = (dim^ K)m — 1. 
The n-universal bundles of a Lie group G can be arranged such that there exist embeddings 
(EG)„- (EG)ni+i fo'^ ail increasing sequence ni < n2 < . . . . The inductive limit of such a 
sequence provides a universal bundle E G ^ B G for the group G. A general construction of the 
universal bundle as the infinite join of G is given in see also |23J. Since 7rj(EG) = for all 
i, the long exact homotopy sequence of the universal bundle implies 

7ri(G) =7r,+i(BG), i = 0,1,2,... . (75) 

The assignment G ^ BG can be made a functor as follows. Let cp : G ^ H he a Lie group 
homomorphism and let P be a principal ff-bundle over X. The fiber bundle P"^ = P Xjj G 
associated with P by virtue of the left action of G on by {g, h) 1— > (p{g)h is a principal 
i?-bundle over X, where the action of H is induced from the action of H on itself by right 
multiplication. Define B0: BG^Bi/tobe the classifying map of the principal ff-bundle 
(E G)'^ ^ B G. The assignment cj) ^B(j) \s indeed functorial, 

B('i/' o 0) = B -0 o B(j) , B idc = ide g • 
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The classifying map of P"^ is B (po f : X B H , where / : X ^ B G is the classifying map of P. 
In the special case where is a Lie subgroup embedding, P"^ is usually denoted by P^ and is 
called the extension of P to the structure group H. Then P is a reduction of P^ to the subgroup 
G of H. Since the principal G-bundle E H ^ E H/G is universal for G, the classifying map B (p 
can be identified with the projection in tlie fiber bundle EH/G B H with fiber H/G. For 
example, the classifying space BSO(n) is the 2-fold covering of BO(n). 

B Eilenberg-MacLane spaces 

Let TT be an Abelian group. Up to homotopy equivalence, there exists a unique space X with 
Tri{X) = TT ii i = n and Tri{X) = otherwise. This space is known as the Eilenberg-MacLane 
space K{Tr,n). It can be realized as a CT^-complex. The following properties of Eilenberg- 
MacLane spaces are used in the paper: 

1. According to the Hurewicz Theorem and the Universal Coefficient Theorem, there is a 
canonical isomorphism 

H''\K{tt, n), vr) = Hom(7r, vr) . 

This way, the identity of tt is mapped to a distinguished class i„ G {K (tt , n) , n) , called 
the fundamental class of K{Tr,n). For any CPF-complex X, the assignment of to a map 
f : X ^ K{tt, n) defines a bijection from the set of homotopy classes of maps X K{tt, n) onto 
the cohomology group H"'{X,it). 

2. From the long exact homotopy sequence of the path-loop fibration il,K{n, n) ^ PK{tt, n) 
K{7r, n) of the space -fC(vr, n) one obtains VlK^-k, n) = K{Ti, n — 1). 

3. From the long exact homotopy sequence of the product bundle iir(7ri, n)xi^(7r2, n) K{'K2, n) 
one obtains K{Tri,n) x K{TT2,n) = K{'7ri ©7r2,n). 

Furthermore, the notions of transgression and suspension homomorphism are used. Let F ■-->■ 
E B he a fibration and S : H*{F) H*{E,F) be the connecting homomorphism of the 
long exact sequence of the pair {E,F). Let H*{B) = H*{B,*) denote the reduced cohomology 
groups and p : (E, F) — > {B, *) the induced map. Define subsets 

T*{F) = S-^p*H*{B) C H*{F) , S*{B) = {p*)-^5H*{F) C H*{B) . 

The transgression is the homomorphism 

T : T*{F) 5*(5)/ker(^*) 

defined by t{u) = [u'], where Su =p*u'. The suspension homomorphism is the homomorphism 

a : S*{B) T*{F)/im{L*) 

defined by a{v) = [?/], where p*v = Sv' . Due to kerr = imi* and ker cr = kerp*, r and a induce 
inverse isomorphisms 

T*(F)/imi* = S*{B)/keip*. 

Now consider the fibration K{Zr,n — 1) PK{Ijr.,n) K{Zr,n). The Serre exact sequence 
for this fibration contains a portion 

H''-^{PK{Zr,n),Zr) ^ H''-'^{K{Zr,n-l),Zr) ^ H''{K{Zr,n),Zr) ^ H''{PK{Zr,n),Zr) . 
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Since H^{PK{Zr,n),Zr) = for all i, im(z.*) = = imp*. It follows that r itself is an isomor- 
phism here and a is its inverse. Let Hn-i and Kn denote the fundamental class of K{Zr,n — l) and 
K{Zr,n) respectively. Since Kn-i and k„ are the unique generators of H'^~^{K{Zr,n — l),Z.r) 
and H^(K{Zr,n),7,r) respectively, we get 

r(K„_i) = Kn , Cr{Kn) = Kn-1- (76) 

The definitions of r and a given here follow [S] . There is an equivalent definition of the trans- 
gression as a certain differential of the Serre spectral sequence. For this as well as for further 
details we refer to |3Q| . 



C Cohomology operations 

A cohomology operation is a map = Qx '■ H'^{X,tti) — > 712) defined for all spaces X, 

with a fixed choice of m and n, vri and 7r2 satisfying the naturality property that for all maps 
f : X ^ Y the following diagram commutes: 



r 



r 



Let im S H"^{K{iri,m),'iri) be the fundamental class, see Appendix IbI For fixed m, n,7ri 
and 7r2, the assignment of Q{im) to G defines a bijection between the set of all cohomology 
operations : vri) H'"-{X,'K2) and the cohomology group H"'(K{7ri,m),TT2). See e.g. 

[T9I Prop.4Ll] for a proof. The following cohomology operations are used in the text: 

1. Let i? be a ring. The transformation H™'(X,R) H"^p(X,R), a i-^ is a cohomology 
operation since f*[a^) = {f*{a)y. This example shows that cohomology operations need not 
be homomorphisms. 

2. The Bockstein homomorphisms are cohomology operations. We use in particular the Bock- 
stein homorphisms Pm ■ H^{X,^m) H^~^^{X,Zrn) associated with the coefficient sequence 
Zm ^ Z^2 TLra — > and /3 : H'''^{X,'Lm) H'^'^^{X,'L) associated with the coefficient 
sequence O^Z^Z^Z^^O. They are related via 

f3m= PmO (77) 

We use this relation for the case m = 2. 

3. The Steenrod square Sq* : H^{X, Z2) i?"+'(X, Z2), see e.g. [T9], is a cohomology operation 
uniquely defined by the following axioms: 

Sq° = id , (78) 

Sq*x = x2, xeH'{X,Z2), (79) 

Sq*x = 0, X e W{X,Z2), j <i, (80) 

Sq^(x + y)=Sq^(x)+Sq^(y), (81) 

i 

Sq'{xy)=Y,Sq\x)Sq^-^{y). (82) 
j=0 
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One has Sq =132, the Bockstein homomorphism associated with the sequence of coefficient 
groups ^ Z2 ^ Z4 ^ Z2 ^ 0. Hence ([TTD implies 

Sqi = /32 = /92o/3. (83) 

4. The Pontryagin square ^ : Z2) Z4), see [43], is a cohomology operation 

uniquely defined by the following axioms: 

= , (84) 
p^v = v'^ , (85) 

^{Vi+V2) =^iVi+^V2 + e^{viV2), (86) 

for all u G H^''{X,Zi) , v,vi,V2 G H^''{X,Z2) . Writing u = p^x with x G H'^^{X,'L) in ([HID we 
obtain 

*PP2X = P4X^ . (87) 



D Characteristic classes 

We collect the basic facts about characteristic classes for principal bundles with structure group 
G = 0(n), SO(n) and Sp(n). For our purposes, it is suitable to view characteristic classes of a 
G-bundle P as being obtained from generators a of the cohomology of the classifying space B G 
as 

a(P) = ra, 

where / : X — > B G is the classifying map of P. This way, any relation between generators 
translates into a relation for characteristic classes of bundles. 

Theorem D.l. H*{B 0(n), Z2) is the polynomial ring Z2[wi, . . . , Wn], with Wi G -?/*(B 0(n), Z2). 
Similarly, in the complex case H*(B\J{n),Z) is the polynomial ring Z[ci, . . . , c„], with Ci G 
H^\BV{n),Z). 

See [23 Thm. 3.2] for a proof. The generators Wi G i7^(B 0(n), Z2) are called Stiefel- Whitney 
classes, the generators Cj G ff^*(B U(n), Z) are called Chern classes. 

Theorem D.2. 

1. All torsion elements in H*(BO{n),'Z) are of order 2, and i7*(B0(n),Z) modulo torsion is 
the polynomial ring . . . ^pk\ for n = 2k or 2k + 1. 

2. All torsion elements in H*{B SO(n), Z) are of order 2, and H*(B SO(n), Z) modulo torsion is 
the polynomial ring Z[pi, . . . ,pk] for n = 2k + 1 and Z[pi, . . . ,Pk~i, e] for n = 2k, with = pk 
in the latter case. 

Proofs of this theorem can be found in [20] and [19]. The generators pi are called Pontryagin 
classes. The generator e is the Euler class of the universal real n-dimensional vector bundle. 
This class is also present in case n = 2k + 1 where it is a nontrivial 2-torsion element, uniquely 
determined by the equation 

P2e = Wn , (88) 

see [20I Prop. 3.13]. Application of the long exact sequence associated with the coefficient 
sequence 0— >Z— i>Z— >Z2— >0 shows that the torsion subgroup of i/*(BO(n),Z) is mapped 
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injectively to H*{B 0(n), Z2) , i.e. H*(B 0(n), Z) is completely determined by the classes pi and 
Wi. The same argument shows that H*(B SO(n), Z) is determined by pijWi and e. The injectivity 
of p2 on torsion elements also follows directly from a Lemma of Borel, see Lemma 24.2. 
There exist many relations between the above generators and, hence, between the characteristic 
classes they define. First, there are relations among the real characteristic classe. As before, 
let P : Z2) — > H^'^^{X,Z) denote the Bockstein homomorphism associated with the 

coefficient sequence O^Z— >Z— >Z2— >0 and let pm '■ H'^{X,Z) H^{X,'Lm) denote the 
homomorphism induced by reduction mod m. 



Theorem D.3. The following relations hold: 



3 

1=0 



m 



j+l 
I 



P4 o /? o Sq^* W2i+i + 0^ {wi Sq^* W2i+i) 



pm + 6* (wi Sq^* ^ -^21 + . ^ 



W2jWii-2j\ , 



(89) 

(90) 
(91) 



See [IS] and [l9] for a proof. Equation (f89]l is known as the Wu formula 



Proposition D.4. There holds p2Pi 



w. 



2i 



Proof: Consider the coefficient sequence ^ Z2 ^ Z4 
using po P4, = P2 and ([85]l we obtain = p'^W2i — P2Pi = 



0. By applying p to ([9T]) and 



2i 



P2Pi 



□ 



Second, there are relations between real, complex and quaternionic characteristic classes. For 
clarity, in the following we label the cohomology generators by the groups they belong to. Denote 
P = Efc(-l)Vfc and c = Efc(-l)^Cfc . Let 



fC,R ■■ U(m) 
jR,C ■ 0(n) 



■0(2m) 
■ U(n) 



ipM,c ■ Sp(n) 
ice : U(n) 



U(2n) 
Sp(n) 



fm,R = fen 



ipM,c ■ Sp(n) 



0(4n) 
Sp(n) 



be the embeddings defined by field restriction and field extension, respectively. The ip.^. can be 
chosen as in Section El Recall that the Chern class for Sp(n)-bundles is defined by the element 
c(Sp(n)) := (B(/7H,c)*c(U(2n)) G H* {B Sp{n) , Z) . 



Proposition D.5. The following relations hoi 



( B (pcfi 
( B 99h,i 
( B ifci 
( B (pm,i 
( B ipc,\ 
( B fu,\ 



*w{S0{2n] 
*u;(S0(4n) 
*p(S0(2n) 
*p(S0(4n) 
*e(S0(2n) 
*e(S0(4n) 



P2 c(U(n)) , 
P2 c(Sp(n)) , 
c(U(n))5(U(n)), 
c(Sp(n))c(Sp(n)) , 
c„(U(n)) , 
C2n(Sp(n)) . 



(BjR,c)*c(U(n))=p(0(n)), 
(Bjc,H)*c(Sp(n)) = c(U(n)) c(U(n)) , 
(BjM,e)*c(Sp(n))=p(0(n))2, 



Proof. The relations for ipc,M. are well known, see |i23j, §17 and §20, Proposition 8.4. Since 
<^H,R = fc,M. ° fa,c, the relations for (pE.,R follow from those for (pc,R by replacing c(U(n)) by 
c(Sp(n)). The relation for ju,c is an equivalent definition of Pontryagin classes. To prove the 
relation for jc,m, observe that by definition of c(Sp(n)), we have 



(Bjc,H)*c(Sp(n)) = (B ice)* (B(^h,c)* c(U(2n)) . 
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We compute 



fm,c o jc,e(a) 



a 
a 



a e U(n) . 



Since c(U(n)) i— > c(U(n)) under the map BU(n) — > BU(n) induced by conjugation of matrices, 
(Bjc,e)* (B (/Je,c)* c(U(2n)) = c(U(n)) c(U(n)). To prove the relation for jM.,m, we compute 

(BjM,H)*c(Sp(n)) = (BjM.c)* (Bic,H)*c(Sp(n)) = (BiM,c)*{c(U(n)) c(U(n))} . 

Due to (B jiR^c)*c(U(n)) = p(0(n)) , the assertion follows. □ 



E The Moore-Postnikov tower 

Below we work in the pointed category, hence all maps are assumed to preserve base points. 
A map / : X — > y is called an n-equivalence if /=„ : vrj(X) — > 7rj(y) is an isomorphism for z < n 
and an epimorphism for i = n. If /* is an isomorphism for all i then / is called a weak homotopy 
equivalence. If / : X — > y is an n-equivalence and K is a CW^-complex then composition with 
/ defines a bijection from the set of homotopy classes of maps K ^ X onto the set of homotopy 
classes of maps K ^ Y, see e.g. [71 Cor. 11. 13]. 

Proposition E.l. Let f : X ^ Y be an {n + 1)- equivalence and let F ^ X ^ Y be the 

corresponding fibration obtained by homotopy equivalent deformation of X . Assume that Y is 
simply connected. Then the map 

f* : H''{X,Z) H''{Y,Z), 
is an isomorphism for all k < n , and a monomorphism for k = n-\- I. 

Proof : From the exact homotopy sequence of the fibration F ^ X ^ y we conclude that 
TTkiF) = , for /c < n . Using the Hurewicz theorem we get Hk{F) = {0} for all k < n. Inserting 
this in the universal coefficient theorem 

H^{X,Z) ^ F{Hk{X,Z)) (BTor{Hk-iiX,Z)) , 

we obtain H^{F,Z) = {0} for all k < n. Since Y is simply connected we obtain (using again 
the Hurewicz theorem and the universal coefficient theorem) H^{Y,7j) = 0. Moreover, since Y 
is simply connected, we have a trivial action of ni{Y) on H*{F,Z) . These facts imply that we 
have a Serre sequence up to (n + 2): 

^iJ"-^(F,Z) ^F"(y,Z) — Z) 

^ (y, z) (X, z) — ^ (F, z) ^ • • • 

Since H^{F,Z) = {0} for all k <n, the assertion follows. □ 
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The Moore-Postnikov-tower of a fibration F ^ E ^ B is a commutative diagram 



1 




such that 

1. the maps qn ■ E ^ En are n- equivalences; 

2. the maps P„ = (pi o p2 o ■ ■ ■ o Pn) : En ^ B induce isomorphisms on TTj for i > n and an 
injection for i = n; 

3. the map Pn+i '■ -E'n+i — > -En is a fibration with fiber JC(7r„(F), n). 

In Theorem 14.91 we use the convenient fact that every fibration p : E ^ B between connected 
CW-complexes has a Moore-Postnikov tower, see e.g. For a detailed exposition of Moore- 
Postnikov theory see |44| . 
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